
12 Besprechung in Analysis 2 zum Blatt 12, zum 7.7.2010

12.1

a) U = span(v1, ..., vk), ONB von U: u1, ..., uk

vi =
k∑
j=1

vijuj Basisdarst. |(det(vij))i,j=1...k| V = (v1, ..., vk), O = (u1, ..., uk).

i-te Spalte: vi =
k∑
j=1

vij︸︷︷︸
<vi,uj>

uj =
k∑
j=1

< vi, uj >︸ ︷︷ ︸
(OT ·V )ji

uj=i-te Spalte von O(OTV ). (V =

OOTV )

O ·


x1
...

xk

 = x1u1 + ...+ xkuk

b) |det(vij)| = |det(V TO)| =
√
det(V TO︸ ︷︷ ︸

k×k

) · det(OTV︸ ︷︷ ︸
k×k

)

mit Det-Mult-Satz: ... =
√
det(V T OOTV︸ ︷︷ ︸

V

) =
√
det(V TV ) =

√
det(gij), gij =< vi, vj >

c) kein Problem (einsetzen), Matrix symmetrisch, determinante ausrechnen =
√

111
2 .

12.2

Vol:
∫
K

1 =
2π∫
0

π(2 + sin(z))2dz = 9π2

Masse=
∫
K

% =
∫

K∩{x≥0}
%+

∫
K∩{x<0}

% = vol(k)
2 [1 + 1

2 ] = 3
4vol(K) = 27π2

4∫
K

y = 0⇒ Sy = 0,
∫
K

x%(x, y, z) =
∫

K,x≥0
x · 1 +

∫
K,x<0

x · 12

= 1
2

2π∫
0

(
∫

k,x≥0
x2+y2≤(2−sin(z))2

xd(x, y))dz = 1
2

2π∫
0

+(...)∫
−(...)

(

√
()2−y∫
0

xdx)dydz = 1
2

+(...)∫
−(...)

1
2((...)2 − y2)dydz

⇒ ... = 1
3

2π∫
0

(z + sin(z))3dz = 22
3 π ⇒ Sx =

22
3
π

27π2

4

= 88
81π

∫
K

z% =
2π∫
0

z · (1 · r(z)2 π2 + 1
2r(z)

2 π
2 )dz = 3

2π

2π∫
0

z · (2 + sin(z))2dz

︸ ︷︷ ︸
9π2−8π (?)

⇒ sz =
3π
2
(9π2−8π)
27π2

4

(...):=2 + sin(z)

12.3

Koordinatenlinien senkrecht, also Cramer diagonal, Integral harmlos (r=0 bis 1)

gij =

(
1 + 4r2 0

0 r2

)
, Oberfl.=

1∫
0

2π∫
0

√
1 + 4r2dϕdr = 2π · 23 [(1 + 4r2)

3
2 ]10 · 18 = π

6 [5
3
2 − 1]

Alternative: (x, y) 7→ (x, y, x2 + y2︸ ︷︷ ︸
h(x)

), ∇h(x, y) = (2x, 2y)
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Vorlesung:
√

1 + ||∇h||2dxdy =
√

1 + 4x2 + 4y2

Fl.=
∫

x2+y2≤1

√
...dxdy

12.4

a) ∂1ψ(ϕ, θ) =

 −R sin(ϕ)

R cos(ϕ)

0

+

 −r sin(ϕ)cos(θ)

r cos(ϕ) cos(θ)

0

 = (R+ r cos(θ) ·

 − sin(ϕ)

cos(ϕ)

0


∂2(ϕ, θ) = r

 − cos(ϕ) sin(θ)

− sin(ϕ) sin(θ)

cos(θ)


gψij(ϕ, θ) =< ∂iψ, ∂jψ > (ϕ, θ) =

(
(R+ r cos(θ))2 0

0 r2

)

Oberfl.= r
∫

02π
∫

02π(R+ r cos(θ))dθdϕ = Rr · 4π2 + r2 · 2π
2π∫
0

cos(θ)dθ

︸ ︷︷ ︸
=0

12.5

b) ~v = ∇U,
∫
γ
~vd~s =

b∫
a
< ~v(γ(t))︸ ︷︷ ︸

=∇U(γ(t))

, γ̇(t) > dt =
b∫
0

{
d
ds |s=t[s 7→ U(γ(s))]

}
dt

= U(γ(b))− U(γ(a)) (HDI)
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