
Besprechung zu Blatt 10 zu Analysis 3

Aufgabe 1

f1(z) = <(z)
f1(x+ iy)0<(x+ iy) = x (x, y ∈ R)
f̃1 : R2 → R2

(x, y) 7→ (<(f1(x+ iy)),=(f1(x+ iy)))
f1 holomorph ⇔ f̃1 rell diffbar.

Jf̃1(x0, y0) =

(
α −β
β α

)

f̃1(x, y) = (x, 0)⇒ Jf̃1(x0, y0) =

(
1 0
0 0

)
⇒ f1 nicht holomorph.

f2(z) = =(z), f2(x+ iy) = y, f̃2(x, y) = (y, 0)

⇒ Jf̃2(x0, y0) =

(
0 1
0 0

)
⇒ f2 nicht holomorph

lim
w→z0

f(z0)−f(w)
z0−w = lim

w→z0
z20−w2

z0−w

= lim
w→z0

���(z0−w)(z0+w)
���z0−w = lim

w→z0
z0 + w = 2z0

⇒ f3 holomorph

f4(z) = |z|2, f4(x+ iy) = |x+ iy|2 =
√
x2 + y2

2
= x2 + y2

f̃4(x, y) = (x2 + y2, 0)

⇒ Jf̃4(x0, y0) =

(
2x0 2y0
0 0

)
⇒ holomorph bei 0, aber nicht auf C \ {0}.

f5(x+ iy) = g(x+ iy) + ig(x+ iy), g : C→ R reell diffbar.
f̃5(x, y) = (g(x+ iy), g(x+ iy))

Jf̃5(x0, y0) =

(
∂g(x0+iy0)

∂x
∂g(x0+iy0)

∂y
∂g(x0+iy0)

∂x
∂g(x0+iy0)

∂y

)
⇔ ∂g(x0+iy0)

∂x = ∂g(x0+iy0)
∂y ∧ −∂g(x0+iy0)

∂y = ∂g(x0+iy0)
∂x

⇒ ∂g(x0+iy0)
∂y = −∂g(x0+iy0)

∂y ⇒ ∂g(x0+iy0)
∂y = 0

⇒ ∂g(x0+iy0)
∂x = 0⇒ g konstant

⇒ f5 holomorph falls g konst.

f6(z) = z2 + 2z + z
f6(x+ iy) = (x+ iy)2 + 2(x+ iy) + x− iy = (x2 + 3x− y2) + i(2xy + 2y − y)
⇒ f̃6(x, y) = (x2 + 3x+ y2, 2xy + y)

⇒ Jf̃6(x0, y0) =

(
2x0 + 3 −2y0

2y0 2x0 + 1

)
⇒ f6 nicht holomprph

Aufgabe 2

h : z 7→ (f(z))2 holomorph ⇒ f holomorph g : z 7→ z2 holomorph nach Aufgabe 1
h(z) = (g ◦ f)(z)(
α −β
β α

)
= Jh̃(x0, y0) = J (̃g ◦ f)(x0, y0) = J(g̃ ◦ f̃)(x0, y0)
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= Jg̃(f̃(x0, y0)) ◦ Jf̃(x0, y0)

=

(
γ −δ
δ γ

)
·
(
a b
c d

)
=

(
aγ − cδ bγ − dδ
aδ + cγ bδ + dγ

)
⇒ aγ − cδ = bδ + dγ ∧ −bγ + dδ = aδ + cγ
⇒ (a− d)︸ ︷︷ ︸

=0

γ + (−c− b)︸ ︷︷ ︸
=0

δ = 0 ∧ (a− d)︸ ︷︷ ︸
=0

δ + (c+ b)︸ ︷︷ ︸
=0

γ = 0

⇒ a− d = 0 ∧ c+ b = 0
⇒ a = d ∧ c = −b
⇒ Jf̃(x0, y0) =

(
a −c
c a

)
⇒ f holomorph

Aufgabe 3

Aufgabe 4

a) γ(t) = eit, t ∈ [0, 2π]∫
γ
|z|dz =

2π∫
0

|γ(t)|γ̇(t)dt

=
2π∫
0

i |eit|︸︷︷︸
=1

eitdt =
2π∫
0

iitdt =
2π∫
0

i(cos(t) + i sin(t))dt

=
2π∫
0

− sin(t) + i cos(t)dt =
2π∫
0

− sin(t)dt+ i
2π∫
0

cos(t)dt = 0 + i0 = 0

b) γ1(t) = 1− i+ 2it, t ∈ [0, 1]

γ2(t) = iγ1(t)
γ3(t) = i2γ1(t) = −γ1(t)
γ4(t) = i3γ1(t) = −iγ1(t)

γ(t) =


γ1(t) , t ∈ [0, 1]

γ2(t− 1) , t ∈ [1, 2]

γ3(t− 2) , t ∈ [2, 3]

γ4(t− 3) , t ∈ [3, 4]

γ : [0, 4]→ C∫
γ

1
zdz =

4∑
i=1

∫
γi

1
zdz∫

γi

1
zdz =

1∫
0

1
γi(t)

γ̇i(t)dt =
1∫
0

1
γ1(t)

γ̇1(t)dt

(da für i=2,3,4 sich der konst. Vorfaktor wegkürtzt)∫
γ

= 4
∫
γ1

1
zdz = 4

1∫
0

1
1−i+2it · (2i)dt

= 8i
1∫
0

1
1+i(−1+2t)dt = 8i

1∫
0

1−i(−1+2t)
12+(−1+2t)2

= 8i
1∫
0

1+i(1−2t)
1+(1−2t)2dt

= 8i
1∫
0

1
1+(1−2t)2dt+ 8i2

1∫
0

1−2t
1+(1−2t)2dt

= −4i
1∫
0

−2
1+(1−2t)2 + 2

1∫
0

−4(1−2t)
1+(1−2t)2

= −4i[arctan(1− 2t)]10 + 2[ln(1 + (1− 2t)2)]10
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− 4i(arctan(−1)− arctan(1)) + 2 (ln(2)− ln(2))︸ ︷︷ ︸
=0

= −4i(− arctan(1)− arctan(1)) = 8i arctan(1)
= 8iπ4 = 2πi

oder:
γ ≡ γ̃, γ̃(t) = e2πit, t ∈ [0, 1]∫
γ

1
zdz =

∫̃
γ

1
zdz =

1∫
0

1
���e2πit 2πi�

��e2πitdt

c) γ1(t) = 1 + it

γ2(t) = 1 + i− t
γ3(t) = i− it
γ4(t) = t
γ wie oben∫
γ
|z|2dz

(nicht holomorph! ⇒ Homotopiesatz nicht anwendbar!)∫
γ
|z|2dz =

∫
γ1

|z|2dz + ...+
∫
γ4

|z|2dz

∫
γ1

|z|2dz =
1∫
0

|1 + t|2idt =
1∫
0

12 + t2idt = i[t+ 1
3 t

3]10 = 4
3 i∫

γ2

|z|2dz =
1∫
0

−|1− t+ i|2dt = −
1∫
0

(1− t)2 + 1dt = −4
3∫

γ3

|z|2dz =
1∫
0

−i(1− t)2dt = −1
3 i∫

γ4

|z|2dz =
1∫
0

t2dt = 1
3

⇒
∫
γ
|z|2dz = 4

3 i−
4
3 −

1
3 i+ 1

1 = i− 1

d) 1
z holomorph γ nullhomotop

⇒ mit Homot.Satz:
∫
γ

1
zdz = 0

Aufgabe 5

∫
< if(γ(t)), γ̇(t) >︸ ︷︷ ︸
∈R, =<

 v
u

,
 γ1
γ2


dt = i

∫
< f(γ(t)), γ̇(t) >︸ ︷︷ ︸

∈R

dt

︸ ︷︷ ︸
∈C\(R\{0})
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