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1 Präsenzaufgabe 18.10.12

Erinnerung

Kommutator:

[A+B,C +D] = [A+B,C] + [A+B,D] = [A,C] + [B,C]

Operatoren:

x =
√

h̄
2mω (a+ a†) , p = −i

√
h̄mω

2 (a− a†) , < a|b >= δab

a) [x, p]ψ(t) = (xp− px)ψ(t) = −xih̄ ∂
∂xψ(t) + ih̄∂x

∂xψ(t) = ih̄ψ(t)

[a, a†]ψ(t) = aa†ψ(t)− a†aψ(t)

= 1
2h̄mω (mωx+ ip)(mωx− ip)ψ(t)− 1

2h̄mω (mωx− ip)(mωx+ ip)ψ(t)

= 1
2h̄mω (((mωx)2 −mωxip+ ipmωx+ pp)ψ(t)

− ((mωx)2 +mωxip− ipmωx+ pp)ψ(t))

= 1
2h̄mω (−2mωxip+ 2ipmωx)ψ(t) = ψ(t)

b) (aa† + a†a)ψ(t)

= 1
2h̄mω (((mωx)2 −mωxip+ ipmωx+ pp)ψ(t)

+ ((mωx)2 +mωxip− ipmωx+ pp)ψ(t))

= 1
h̄mω (((mωx)2 + p2)ψ(t))

= 1
2h̄mω (((mωx)2 −mωxip+ ipmωx+ pp)ψ(t)

+ ((mωx)2 +mωxip− ipmωx+ pp)ψ(t))

H = p2

2m + m
2 ω

2x2 = 1
2m

h̄mω
h̄mωp

2 + h̄mω
h̄mω

1
2mm

2ω2x2

⇒ Hψ(t) = 1
2ωh̄(aa† + a†a)

c) Ansatz: a†
m|0>√
m!

m = 0 : a†
0|0>√
0!

= 1|0 >

m = m+ 1 : a†
m+1|0>√
(m+1)!

=

√
(n+1)!√
(n+1)!

|m+ 1 >

d) H|n >= 1
2ωh̄(aa† + a†a)|n >= 1

2ωh̄(a
√
n+ 1|n+ 1 > +a†

√
n|n− 1 >)

= 1
2ωh̄(

√
n+ 1

2|n > +
√
n

2|n >)

=
1

2
ωh̄(2n+ 1)︸ ︷︷ ︸
EnergieEW

|n >

e) (∆x)2 =< x2 > − < x >2=< 0| h̄
2mω (a+ a†)2|0 > −(< 0|

√
h̄

2mω (a+ a†)|0 >)2

= h̄
2mω < 0|

√
1

2|0 >= h̄
2mω
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