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Trégheitsmoment um die Hantelachse: © 4 = 20k ygel = -‘émrz. Trégheitsmomente um zwei

Achsen in der Ebene senkrecht dazu: ©g = ©4 + 3ma? (Steiner). Man findet also 61 =
Op < O = O; = O3, d.h. es handelt sich um einen symmetrischen Kreisel.

Die kriftefreien Eulerschen Kreiselgleichungen lauten ©,w; — (02 —03)wows = 0 und zyklische
Permutationen. Man findet also

wy — ywows = 0, wg + ywzwy = 0, wz =0, (5)

mit

Stabilititsanalyse: Es sei der momentane Drehvektor & nahe der Hantelachse é3, d.h. w3 =
wo + 03, w1 = &1, wy = 0 mit kleinen §;. Die linearisierten Kreiselgleichungen fiir die Kom-
ponenten senkrecht zur Hantelachse lauten also:

61 — ywede = 0
Oz +ywpdy = 0
Die Zeitableitung der einen eingesetzt in die jeweils andere Gleichung ergibt
b+ 7w =0, i=12
und beschreibt somit eine stabile Schwingung mit v = ywy.

Die allgemeine Losung von (5) ist w3 = ¢st = wp cos a, und

wp = wy cos(ywst + @) (6)
wy = wysin(ywst + ¢) (7)
mit w3 = w? +w?, dh. w; =wpsina.
Dann gilt im korperfesten System
L=00=053, +04wsés = Os(w — ywaés) (8)

nach Definition von .

In der Zerlegung (8) ist der Koeffizient von Lin Richtung der
Hantelachse é3 negativ, da v > 0, d.h. im Laborsystem liegt der
momentane Drehvektor zwischen dem raumfesten Drehimpuls-
vektor und der Hantelachse (s. Skizze). Hantelachse und momen-
taner Drehvektor beschreiben also einen Kegel mit der Frequenz
wy um den Drehimpulsvektor. Aus (8) folgt

1 -
d)‘=e—sL+’)’w3é3 .

Nun ist jedoch die Nutationsfrequenz gleich der Projektion von & auf L entlang é3 und somit
I _ 1
Os ©s
= w1+ ((1-7)2~1)cos?a
= wov/1+7(y—2)cos?a

wN = O%w? + 04w3

Bei kleiner Auslenkung aus der Hantelachse ist w3 =~ wp bzw. cosa =~ 1, und man findet

wy =woV1+7(y—2)=we(l =) =v-—wp

Im Klartext: die Nutationsfrequenz im Laborsystem ist einfach die Frequenz im kérperfesten
System minus die Roationsfrequenz des Kérpers selbst.




The kinetic energy in terms of the Euler angles is !
T = (I} + I+ Ipw})
= %Il(é sin ¢ siny + 6 cos¢)2 + %12(¢‘> sin 6 cosy — 6 siny)? + %13(5 cos 6 + ‘,;x)2

Then oT/ay = Il(q?s sin g siny + 6 cos ¢)(¢ sin 6 cos v — 8 sin ¥)
+ Ig((}; sin @ cosy — 6 sin y)(—¢ sin 6 siny — 6 cosy)
= Ilwlwz + Iz(wz)(—wl) = (Il - 12)w1w2
BT/G‘,Z/ - I3(<}; cos ¢ + \Z) = I3(.03
Then Lagrange’s equation corresponding to ¢ is
LAVE o N SR
dt\ ay aw Y
or I3ZJ3 + (IZ_ Il)w1m2 = ‘bw (1)
This is Euler’s third equation - The quantity &, represents the general-

ized force corresponding to a rotation ¢y about an axis and physically represents the component
Ag of the torque about this axis

The remaining équations . ,
Loy + (I3 — Ipwgwg = Ay @

Ipog + (Iy — I3)wgwy = Ay (3)

can be obtained from symmetry considerations by permutation of the indices. They are not directly
obtained by using the Lagrange equations corresponding to ¢ and ¢ but can indirectly be deduced

from them




dis f |

(¢) Kinetic energy = 7 = Im(a2 + 32)
= 4ma*{[(1 — cos 0)6)2 + [—sin 6 5)2)

maZ(l — cos 0)6.’2

Il

Potential energy = V = mgy = mga(l + cos 9)
Then |

Lagrangian = L = T —y = ma2(l — cos 0)52 — mga(l + cos 6)

()d<aL__@_0. d .
at | a3 2 — 0 le E[2ma2(1—-cos0)0]—[ma2 sin 6 62 + mya sing] = 0

d
or . .
g7 (L —cos6)6} — Lsing g2 — %sino - 0
which can be written (I1—coso)8 + Lsings2 — Lging = ¢
2a
((,‘ If u = cos(6/2), then
du . . d2u _ . .o .
T —1 sin (6/2)9, Frole —1 sin (6/2) 6 — 1 cos (6/2)6?
Thus Pu + 2y = 0 is the same as
di2 = da . g
—3 sin (6/2) 6 — % cos (6/2)6% + “1g 8 (6/2) = 0
which can be written as
. . g
1 2 - = =
6 + 4 cot(6/2)6 % cot (6/2) 0 (1)
. _ cos(8/2) __ 2sin(6/2) cos(8/2) _  sing
Since cot (6/2) = sin (6/2) 2 sin2 (/2) T 1-—cosé
it follows that equation (1) is the same as that obtained in (é) S

(dj) The solution of the equation is
u = cos(6/2) = e¢;cosVda/gt + ¢y sin Vda/gt

from which we see that cos (8/2) returns to its original value after a time 2sV4a/g which
is the required period. Note that this period is the same as that of a simple pendulum with

length ! = 4a.




(@) Let the ellipse be chosen in the xy plane of Fig. 14-1. The particle 91‘ mass m moving on the
ellipse has coordinates (x,y). However, since we have the transformation equatlons. X = a cosé,
y = b sin 6, we can specify the motion completely by use of the generalized coordinate 4.

Yy v
— O\ y
m
b
x
a
\ / my
x l (x2) y2)
Fig.41-1 Fig.41-2 Fig.H-3

(b) The position of the cylinder [Fig. 14-2 above] on the inclined plane can be completely specified
by giving the distance « traveled by the center of mass and the angle ¢ of rotation turned
through by the cylinder about its axis. :

If there is no slipping, « is related to ¢ so that only one generalized coordinate [either = or ¢]
is needed. If there is slipping, two generalized coordinates x and ¢ are needed.

(¢) Two coordinates ; and 6, completely specify the positions of masses m; and m, [see Fig. 14-3
above] and can be considered as the required generalized coordinates.
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- (7(> Let A =« in Problem P’fg Then

da
dt |p

de
dt |y

do

X - e
+ o X o at |,y

Since dw/dt is the angular acceleration, the required statement is proved.

Replacing A by the position vector r of the particle, we have

dr dr

a—t—F - + o Xr (1)

dt \m

If r is expressed in terms of the unit vectors i,j,k of the moving coordinate system, then the
velocity of the particle relative to this system is, on dropping the subscript M,

dr _  d=x, dy . dz
a @l Tyt dtk @
and the velocity of the particle relative to the fixed system is from (1)
dr dr
— X
& | T + o Xr ®

The velocity (3) is sometimes called the true velocity, while (2) is the apparent velocity.

e D, = D, + oX
s dA _ T

By definition DA = gt = derivative in fixed system

F
dA e e .
DyA = at = derivative in moving system
M
Then from Problem P//g
DFA = DMA + o XA = (DM + o X)A

which shows the equivalence of the operators Dp = Dy + o X.

The acceleration of the particle as seen by +he observer in the fixed XYZ system is
Dgr = Dp(Dgr). Using the operator equivalence ' we have

Dp(Dpry = Dp(Dyr + o Xr)
= Dy+ oX ) Dyr + oXr)
= Dy(Dyr + o Xr) + 0 X (Dyr + o Xr)
= Dir + Dy(eX1) + e XDyr + o X (0 X 1)
or since Dy(oXr) = (Dyo)Xr + o X (Dyr),
Dir = Dir + (Dye) Xr + 20X (Dyr) + o X (0 X 1) (1)
If r is the position vector expressed in terms of i,j,k of the moving coordinate system, then
the acceleration of the particle relative to this system is, on dropping the subseript M,
d’r _ d2x d2y d2z

ae = aeltapl T oggk @)
The acceleration of the particle relative to the fixed system is given from () as
d2r _ dr dr
WF = dt2+'ﬁxr+2mx<dt>+w>((mxr) (&)]

The acceleration (3) is sometimes called the true acceleration, while (2) is the apparent acceleration.
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To the fixed observer the unit vectors i,j,k actually change with time. Hence such an
observer would compute the time derivative as

dA dA,, dA, dAg dj dk
@ - @it it dk+A1dt+A2d+A3dt (1)
dA dA di dj dk
(2)

i.e., Et— F = W Al dt + A2d + Asdt

Since i is a unit vector, di/dt is perpendicular to i and must therefore lie in the plane
of j and k. Then

di/dt = ayj + ask @)
Similarly, di/dt = agk + aji )
dk/dt = a5i + asj (5)

. . . . . . . di ., . di _ di
From i-j =0, differentiation yields i d +dt j=0. But i qr = from (4) and at =

from (8). Thus a4 = —ay.

Similarly from i*k =0, i- dk+ di *k =0 and a5 = —ay; from j*k=0, j° dk+ 4 k=0
o dt ' dt dt ' dt
and ag = —a3. Then
di/dt = alj + azk, di/dt == a3k - ali, dk/dt = ‘_(Xzi - a3j
It follows that
dj dk . .
Al dt + Azdt + A3 dt (—a1do—agdy)i + (A — azdy)j + (@l + asdo)k (6)
which can be written as
i j k
az  Tay ay
A, A, A,

Then if we choose a3 = w;, —ap = wy, a3 = wg this determinant becomes

i i k
w1 Wo w3 = o XA
A; Ay Ag

where o = wyi+ woj + wgk,

From (2) and (6) we find, as required,

da
dt |p

dA

_d?M + o XA

The vector quantity o is the angular velocity of the moving system relative to the fixed system.
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(¢)

i+ The apparent velocity at any time ¢ is
‘ dr/dt = 2ti — 6j + 12¢2%k
At time ¢t =1 thisis 2i — 6j + 12k.

The true velocity at any time ¢t is
dr/dt + e Xr = (2ti—6j+12¢%k) + [2ti — #2j + (2¢ + 4)k] X [(¢2+ 1)i — 6tj + 4t3K]
At time t =1 thisis

i § Kk
2 — 6+ 12k + |2 —1 6| = 34i — 2j + 2k
2 —6 4

The apparent acceleration at any time ¢ is

@ _ dfdr) _ d . %k) = 2i
= dt<dt>‘ = Z@i—6j+120%k) = 2i + 24tk

At time t =1 thisis 2i + 24k.

The true acceleration at any time ¢ is

d2r dr do
-‘EE'*‘ZMXEE-I- a—tXr-i-mX(er)

At time t =1 this equals _
2i + 24k + (4i— 2j+ 12k) X (2i — 6j + 12Kk)
+ (2i— 2j + 2k) X (2i — 6j + 4Kk)
+ (2i—j+ 6k) X {(2i —j+ 6k) X (2i — 6j + 4k)}

= 2i + 24k + (48i —24j —20k) + (4i —4j—8k) + (—14i+ 212j + 40k)

= 40i + 184j + 36k

From Problem () we have, 9§ + 12K) X (21— 6+ 12k)

— (41—
Coriolis acceleration %20 X dr/dt (

48i — 24j — 20k

Il

; . ion @ X (@XT1) =
Centripetal acceleratio 4+ 212+ 40k

= 4,/205
w B _ 3 _242+(—20)2 = 4
itude of Coriolis acceleration = Ve + ) 7 = 2V/11,685
Magnitace _ IO T @R + (40P = BVE

Magnitude of centripetal acceleration
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Choose the wxyz coordinate system of Fig. 4
Suppose that the origin O is the equilibrium position
of the bob B, A is the point of suspension and the
length of string AB is I. If the tension in the string

is T, then we have
T = (T-i)i + (T+§j + (T-kk
= Tcosai+ TcosBj+ Tcosyk

_ —T<%>' — T(%)i + T<l';z>k ()

Since the net force acting on B is T + mg, the equa-
tion of motion of B is given by [see Problem 6.14]

2
m%;: = T+mg—2m(m><v)-—mu><(m><r) (2) Fig /]

If we neglect the last term in (2), put g = —pk and use (1)

fopre I ’ then (2) can be written in component
mz = —T(x/l) + 2mwy cos A
my = =T (y/l) — 2mw(x cos A + % sin A) "
mz = T(l—2z)/l — myg + 2mwy sin A o

®)




Eine Perle gleitet auf einem geraden Draht, der mit konstanter y

Winkelgeschwindigkeit @ in der horizontalen Ebene rotiert. Stelle
» X

die Hamiltonfunktion auf und berechne r(z).
A
Losung:
Abb. 15.3-2 Perle rutscht

Die Zwangsbedingung ist theonom. Wegen V = 0 gilt: auf rotierendem Draht.

L=T-= %(# + 72 ©2) = Epege

2
14 m 2 2
= H=ﬁ—5r O # Epeye
Wir sehen, da8 Lagrange- und Hamiltonfunktion bei rheonomen Zwangsbedingungen zeitunab-
héngig sein konnen. Die allgemeine Losung r(z) der Bewegungsgl. # = 2 r lautet:

_ wt -t
r(t) =ce " +cye .

wobei ¢}, ¢, die beiden Integrationskonstanten sind. Einsetzen von r(f) und p,(t) = m#(t) in

die Hamiltonfunktion liefert nach kurzer Rechnung:

H = const
Dieses Ergebnis ist natiirlich auch direkt — ohne Rechnung — aus der expliziten Zeitunabhingigkeit

von L bzw. H zu entnehmen.

. . 3 m
Berechne die eindimensionalen Schwingun- ] . B o
gen eines dreiatomigen, linearen Molekiils ’
mit zwei gleichen Federkonstanten p *1
) - x2 X
3

Losung:
. . Abb. : .
Die Hamiltonfunktion des Molekiils lautet b-15.3-1 Dreiatomiges Moleki

H=T+y=_1 (2 1 D
Py + +——p2
2’”1( : p3) 2m, ) +?[(xl ‘x2)2+(x3—x2)2]

'xl =ai=ﬂ _aH
i ap] my ph = E = D(xl - xz)
i = M X = -D(x - x,) |
‘ |
i op, m, 2T Ty, ~D[(x; - x) + (x, - x3)] |

= ”’2£2=—-D(2X'2—x1—x3) X

Auf die gleiche Weise erhilt man die dritte Bewegungsgl : '
: |

"M X3 = =D (x; - x,)




