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Losung: The equations of motions read (Newton’s second law)

= 6“’("1"'2')
mr = = ,

171 1 IB .

Py = a‘n('l '2')

Py = Fh= .
maT3 2 -

Verify that the sum of all forces equals zero. Denote r =.|ry — ;| and r =7, - }2

Fl+Fy= _OVis(r) O OVay(r) Or _  8Vas(r) (Br or ) |

or or, Or or,  or \or  on
Or _olz—m)+... 2(zy — x2)
On, 0z, 2\/(:1:1—:v-2)2+...’
o _ O(z1—z2)? + ... —_ 2(x1—9)
Oz 0z, 2/(z1 — 222 +...
| o o __r
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F+F=-—52(1-7) =

Verify that the sum of momenta of all forces equals zero

™ XF1+T2XF2=‘—'8V5:‘(T)T1 x;+aL;‘('QT2X;=—§Yg—r—(C-)'.%:=O. . :
The system is closed! It has invariants associated with all continuous symme-
try transformations, such as translational invariance of time (total energy is con-
served), translational invariance of space (total momentum is conserved), rota-
tional invariance of space (total angular momentum is conserved).

Now consider the total energy
E= ﬂ‘i-'i + ""‘——2—'3 + Via(lry — mal)-

TherateatwhichEchangesintimeisgivenby

L. Vig(lr =), Vaa(jrr—ral) . i
%tE— = my#fy + matata + —-9—-0_1‘:—_ 1+ — ors T2

% = #y (myfy — F) + 2 (maf'2 — F;) =0.

Thus the total energy is conserved! This result follows from the fact that the
potential energy does not depend explicitly on time.

Analogously, for the total momentum

P=mr+ mata,

%=mlil+ﬂhfz=F1+E=0,

v i ' result follows from the vanishing

total momentum is conserved! This ' .

thtu}:eﬂsl:m of all forces, which is always the.case when the potential energy is
invariant with respect to translations of coordinates (r; — 7 + a).

¥4
For the total angular momentum relstive to the center of fnass, we have
mm

rXF,
my +m2

L, =m(r1 — R) X (1"1—1?) +ma(rg — R) X (fg—R) =

where mr +mar;

my +me

r=r—"2




Therefore,

dl mms ,. . . " mimg .
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dL, |
Fra 0. .
Thus the total angular momentum relative to the center of mass is conserved!
We have used explicitly that the potential energy depends only on r = |ry — r4|.
More generally, the angular momentum relative to the center of mass is conserved
whenever two conditions are fulfilled: (i) sum of all forces equals zero and (ii) sum
of momenta of all forces equals zero.

r=

0,

Note that the total angular momentum of two particles can be written as follows

L=1myr, X +myry X #a = (M1 +ma)Rx R+ —L2 px$=Lg+L,,
. my + My
Lr=mRXTF+maR X7 = (my +ma)R x R,
mymy

L. =mr;— R) x 7 +mg(r; — R) X T = r X7,
r=my(ry = R) X f1+ma(ry — R) X 3 = =0

L, =my(r, — R) x (1"1 - R) +my(rs — R) x (1'-2 - R) .

The total angular momentum L is conserved whenever ‘r; X F; = 0 and the
center of mass momentum Ly is conserved whenever ) .'F; = 0. In both cases
the choice of origin of coordinates is arbitrary and Galilean transformations are

allowed. |

Now let’s consider the angular momentum relative to some arbitrary point Q(2),
L’,=;m;(r‘—0) x (1-Q),

and answer the question when this angular momentum is conserved. Denote

M=Zm¢ and R=Kll-2mm,
i : 3

L= Emm X 7.
[

Then we can rewrite L., as follows by expanding the product of two parenthesis
I'=L-MRxQ-MQxR+MQxQ,




and combine there a new product of two parenthesis

3 L',=L-MRxR+M(R—Q)x(R-Q).

L;=L,+M(R-Q)x(R-Q),

dL: 8Ly MR- Q) x (R-Q).

Note that L, = L - MR x R, and therefore,
|
i

dat dt

‘ Therefore, we must have { = R in order for the quantity L} to be conserved,
‘ provided L, is conserved. This show that Q(t) should not differ from R(t) other
than by a Galilean transformation

Q(t) = R() + vgt +rq,

where vg and 7g are arbitrary.

@) #§) For two particles interacting via o [é]
V(r1,72) = Via(Iry = ral) + Vexe(Ir1]) + Vs (I7al)

verify the conservation of total energy, total momentum, total angular momentum
relative to the origin, and total angular momentum relative to the center of mass.
Lernziel: Learn to prove basics conservation laws for interacting particles.
Losung: The total energy is conserved because the potential V(ry,72) does not
explicitly depend on time. The same derivation as in 7 (a) applies.

The total momentum is not conserved, because the potential V'(r,73) is not in-
variant under r; — r; + a.

The total angular momentum is conserved only with respect to the origin r; = 0.
This is so because the potential V/(r1,7;) is invariant with respect to rotations
around the origin: r; — Rry, where R is a rotation matrix by an arbitrary angle
round the point r; = 0. For our example one can verify that 3, r; X F; = 0, where .
the terms originating from Ve give rise to radial forces and vanish when crossed
_ with 7, and the terms originating from Vi vanish when summed up, as we have

seen in 7(a).

The total angular momentum with respect to the center of mass is not conserved,
because the sum of all forces is not zero. In other words the center of mass does not

coincide with the origin. The origin is the only point of isotropy of the potential. |
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