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Lösung: The equations of motions read (Newton's second law)

ä%z(lrr - rzl)
0zr'

ratz : 5i - -O%t(llr -rzl).
8rz

Verify that tbe fla of alt forcee ecffrals zero. Denotp.r =,1r1 - rrl aud, =,r l r,
h , h ?V1'g,(r) Or ?Vy(r) Or 0V1sQ) ( Ar , Ar \hit tr2 - -F6- TFr= --- \ar, - 6),

0\ flxt

Ar -A0*2 ilst

h?
6: r7.,

Ft*',z:-*#') (i-i) =o
Verify tlrat tbe surn of moruenta of all brcee ecluals zero

rr xttr*r2 x rr:-ff-rr*f,*ffrr*!- -Wry:Q. .

The ryste.m is clocedl It has iuva,riantr associated with all coutinuous syrnüre,
try trnrufornrationg, stuh as translational inrnriance of time (total mergr is con-
serrad), trarulational inrnria.uce of epace (total momenüum is consenred),'rota.
tional iurmriance of space (total auguta,r ruomenttrm is consenred).

- Trrfr * fuztz
l.-b: --u mr*Tn '

t--f1 -fZ.

tTtt?. t lrl -

0r

a
a2t/@t-x2)2*...

Arr
- 

!--ürs r

Nw cmgüd€r th totd entrgtrr

^ - m.'nl, --"4ü * vg(lrr - qD.E-i*T-
Tbe rate at wbich E cbüges in time is ghm by

#= 7r1i1r1 * r.,oizlz- 
ge#o, * ffi*'

* = +r(mrir - .tr1) + fr krrrtz- r,) = o'
E 

sesult ftillocß fr@ tbe frßt tbgt the
Thrra tbe total €rßrglf is cons€n/Edl TbP

;"t dfi;*gv doJ'oot dsp€d ccplidtlv m time'

^lnclosole\Y' 
fu tb total noosoun

P --mtlt+mtiz,

# = mtir*n+iz= f1 a .F1 = 0' ''::

lhlstbt"t"l'"',d''.iscoD86tl€dlttist€goltftübw8fr@th€rndghing
of the orm of O f.t*, tnO ! "l1f 

if" co* *t* tl" pot*d eoergT is

isrnrfad *itu r**äJ;-tlttt-t of-coordtantea (rt * t;*o)'

trbr tbo totsl a[gular monedun r€lltiw to the c€der of fn"ts' we bave

h. = mt(tt- R) x (o - E) +,,,z(rz- E) x (n - 4 - W' x i''

2(xt - sz)

2t

2(:u1 - :ü2)

where



Therdore,

:,*tY (f xf +rxf): Jry rxf,tnr*mz' ' mt+.m2

f :f1 - iz:* -#,
5'1 - -oV*(t)g av:uF)"

p2--ryh: o!4t(r)r
Ar r'

- ffia(r)mt + mzr
7=----, Or mfltuz ?'

rxr:-ryWE:s,
dI', AE=''

lfurs the total aügulat nog€otum mlstiv€ to tbc ceutor of qpss is cons€nrcdl

lVe bsw ue.d €',pliAUy thaü tho poteutial eMr$r d€p€ßd8 only on 7 = lr1 - rr[.
More geocally, the aryuta" moodum rot86v€ to the ceut€r of mese is cons€nrEd

wbmet€s t"ro cmaiüots arc ftrlfilled: (i) sun of all forcee equsls zero aod (ü) aun

of monenta of all brcc equals zero.

Note that the total eqgulal moueutun of two particle cur be wriüteu as followg

L =rnt?rx rir * ner2xfs: (nr1 +mr)Rx ä+ m" x i: Ln* L*

Ln = nttB.x fr * nUR x 'i'2 = (m1+ me).tl x ä,

L, = mr('t- R) x ir *,nq(rz - R) x i" --_mr x f,

L,:mt("r- E) x (o' - ,t) *r4(r2- a) x (:'- ")
Tbe total a4gular' momentuur .ü is coDserved wherrver $fi x tri : 0 aod ühe

crcnter of unsg Eounntrrm .En is conserved whenerlen Dti = 0. In both cases

the chOice of origin qf co6rlinsfes is arbitrnry and Galilean trandormationg ere

Bllocrcd.

Nw let'a consid€r the angulaE momelrtum relatine to sne arbitrary poi11! Q(Ü)'

Z',=|nt(rr - Q) * (*, - Ö) ,
a

aod aosw€r the qu€süion wben this aDgulal Eon€rfum ia congew€d. Demtc

fu! =f,*, and
I

nf : #t rrll?1,

L:lmnxh.
t

Theu we can rewrite Ii os followt by opnnding the prodgst of two paredbeeis

L',: L - Mnx Q - MQ x k+ UQ x Q,

ill
dt



and combire tbere a new product of two pa,reutheeis

L',= t' - Mnx ä+ M@-Q) t (ä - Ö) .

Not€ tbat L,= L- Mnx R, and ther&re,

L": L,+ M(n-a) x (ä- Q) ,

#=+*M(n-e). (ä-di).

Thadore, we mugü haw Ö = ä in order for the qus'lrtity !i' lo Ut ooDsent€d'

prwided i, i8 conserr,€d. Thtr shof,' thst Q(t) should uot differ from I?(ü) otba

thü by a Gdilean transfotuation

Q(ü): n(t) + asttrqt

wbere ug and rg are a'rbitrarY.

r_ .

v(rr, rr) :v:u(lt, - "rl) *va,(l"tl) + v"nc;(frzl)

verifu tbe conseflBtion of totalell€ßgy, total momeatun, !".ü"1Tg,rt* momentum

relaihn to tbe origin, asd total -gttta" momeutum relatiVe to the center of mass'

Lsmzleh Lea,rn to prore besics consvation laws for interacting par-ticles'

ffi"|rngr mr tottt-*.ngy is consenßd becalrse the poteutial -V(rrrrz) 
does Dot

.ryU.friy d€pend on tire. The sane derirntion as in 7(a) applies.

The total Dm€otum is not conserved, because the poteutial V(4,t2) b not ir
Yariant under ri 4 fi+o,

Th3 totsl aDg'rl8r momentun is coDsened oly with respq to the origia ft = 0'

mit igo Uät* the potern6el V(rr,rz) is iq'prisot sith resPect to totations

a,round the origin: ri .-r'8rsr lvh€re'R'is i oottU* matrix by au arbitrary angle

rcnnd the point rj = 0. Flor är exanple oDe can verify thst Er \x Ft = 0' wherq

the t€rn8 uigtr8ting fro@ Irc gve rrte t" radial forces aad ranish whelr croeeed

. with rr, ana t-le to; o*O;i"g to- Vu vauish when nrmm-ed üP' aa we hav€

eeen in 7(a).

The total augrdar momentum witb respect to the center of mass is not consertrcd'

becau"e the än of eltforces i8 not zero. In otbßr wordE the ceoter sf m''rs doea not

t2l

i

coircide with ths origin. The origin is tbe only point of isotlopy of the poteutial. 
l




