The kinetic energy in terms of the Euler angles is !
T = (I} + I+ Ipw})
= %Il(é sin ¢ siny + 6 cos¢)2 + %12(¢‘> sin 6 cosy — 6 siny)? + %13(5 cos 6 + ‘,;x)2

Then oT/ay = Il(q?s sin g siny + 6 cos ¢)(¢ sin 6 cos v — 8 sin ¥)
+ Ig((}; sin @ cosy — 6 sin y)(—¢ sin 6 siny — 6 cosy)
= Ilwlwz + Iz(wz)(—wl) = (Il - 12)w1w2
BT/G‘,Z/ - I3(<}; cos ¢ + \Z) = I3(.03
Then Lagrange’s equation corresponding to ¢ is
LAVE o N SR
dt\ ay aw Y
or I3ZJ3 + (IZ_ Il)w1m2 = ‘bw (1)
This is Euler’s third equation - The quantity &, represents the general-

ized force corresponding to a rotation ¢y about an axis and physically represents the component
Ag of the torque about this axis

The remaining équations . ,
Loy + (I3 — Ipwgwg = Ay @

Ipog + (Iy — I3)wgwy = Ay (3)

can be obtained from symmetry considerations by permutation of the indices. They are not directly
obtained by using the Lagrange equations corresponding to ¢ and ¢ but can indirectly be deduced

from them
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(¢) Kinetic energy = 7 = Im(a2 + 32)
= 4ma*{[(1 — cos 0)6)2 + [—sin 6 5)2)

maZ(l — cos 0)6.’2

Il

Potential energy = V = mgy = mga(l + cos 9)
Then |

Lagrangian = L = T —y = ma2(l — cos 0)52 — mga(l + cos 6)

()d<aL__@_0. d .
at | a3 2 — 0 le E[2ma2(1—-cos0)0]—[ma2 sin 6 62 + mya sing] = 0

d
or . .
g7 (L —cos6)6} — Lsing g2 — %sino - 0
which can be written (I1—coso)8 + Lsings2 — Lging = ¢
2a
((,‘ If u = cos(6/2), then
du . . d2u _ . .o .
T —1 sin (6/2)9, Frole —1 sin (6/2) 6 — 1 cos (6/2)6?
Thus Pu + 2y = 0 is the same as
di2 = da . g
—3 sin (6/2) 6 — % cos (6/2)6% + “1g 8 (6/2) = 0
which can be written as
. . g
1 2 - = =
6 + 4 cot(6/2)6 % cot (6/2) 0 (1)
. _ cos(8/2) __ 2sin(6/2) cos(8/2) _  sing
Since cot (6/2) = sin (6/2) 2 sin2 (/2) T 1-—cosé
it follows that equation (1) is the same as that obtained in (é) S

(dj) The solution of the equation is
u = cos(6/2) = e¢;cosVda/gt + ¢y sin Vda/gt

from which we see that cos (8/2) returns to its original value after a time 2sV4a/g which
is the required period. Note that this period is the same as that of a simple pendulum with

length ! = 4a.




