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1 Elektrodynamik Tutorium vom 29.10.2010

1.1 Partielle Integration

a) − d
dxe
−x2+1 = 2xe−x

2+1

∞́

0

2xe−x
2+1dx = [e−x

2+1]∞0 = −(0− e) = e

b)
b́

a
xe−5xdx = [−1

5e
−5x]ba −

b́

a
−1

5e
−5xdx

c)
∞́

0

xne−axdx = n!
an+1

= [−1

a
e−axxn]∞0︸ ︷︷ ︸

=0

−
∞́

0

nxn−1(− 1
a)e−axdx =

∞́

0

n
ae
−axxn−1dx

=
∞́

0

n!
an e
−axdx+ [(− 1

a)ne−axx]∞0 = [− n!
an−1 e

−ax]∞0 = 0 + n!
an+1

1.2 δ-Funktion

•
β́

α
f(x)δ(x− a)dx = f(a) ∀α < a < β

• f(x)δ′(x− a) = −f ′(x)δ(x− a)

• δ(f(x)) =
∑
i

1
|f−1(xi)|δ(x− xi), xi NS von f(x)

Bsp.: x2 − 3x+ 2 = 0⇒ x = {1, 2}
f ′(x) = 2x− 3, f ′(x1) = 2− 3 = −1, f ′(x2) = 4− 3 = 1
∞́

0

x2δ(x2 − 3x+ 2)dx =
∞́

0

( 1
|−1|x

2δ(x− 1) + 1
|1|x

2δ(x− 2))dx = 1 + 4 = 5

Beispiele:
+∞́

−∞
dx(x2 + 7x)δ(x− x0) = x2

0 + 7x0

Behauptung: δ(~r − ~r′) = 1
4π∆r

1
|~r−~r′| , Beweis:Nolting

Beweisskizze: Es muss gelten δ(x− a) = 0, ∀a 6= x und
β́

α
dxδ(x− a) = 1

∆r = ~∇r · ~∇r, ~∇ ~A = 0⇒ Quellenfrei, ~∇× ~A = 0⇒ Wirbelfrei

1.3 Beispiele

a)
1́

0

√
1− x2dx, x = sin(t), dx = cos(t)dt

⇒
arcsin(1)´
arcsin(0)

√
1− sin2(t) cos(t)dt =

π/2´
0

√
cos2(t) cos(t)dt =

π/2´
0

cos2(t)dt

cos2(t) = 1+cos(2t)
2 ⇒ ... = [x2 + 1

4 sin(2x)]
π/2
0 = π

4

b)
2́

0

x cos(x2 + 1)dx, t = x2 + 1, 2xdx = dt

... =
5́

1

1
2 cos(t)dx = 1

2 [sin(t)]51
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2 Elektrodynamik Tutorium vom 5.11.2010

2.1 Integral-Grenzwerte

•
∞́

0

x2e−2xdx = [(−1
2x

2 − 1
2x−

1
4)e−2x]∞0 = 0 + 1

4

∞́

0

x2e−2xdx = n!
an+1 = 1

4

•
∞́

1

xex
2+1dx, t = x2 − 1

⇒ ... =
∞́

0

x
2xe
−tdt = 1

2

∞́

0

e−tdt = 1
2

•
∞́

−∞
(3x2 + 5x)δ(x− 3)dx = (3x2 + 5x)|x=3 = 42

•
5́

−5

(x2 + x)δ(2x2 − 4x− 6)dx

0 = 2x2 − 4x− 6⇒ x1 = −1, x2 = 3

f ′(x) = 4x− 4), f ′(x1) = 8, f ′(x2) = −8

⇒ ... =
5́

−5

1
8(x2 + x)(δ(x− 3) + δ(x+ 1))dx = 12

8

2.2 Beispiele

r :=
√
a2 + b2 + c2

|~a−~b| =
√
a2 + b2 − 2ab cos(θ)

ϕ(r + r′) um r: ϕ(r + r′) = ϕ(x1 + x′1, x2 + x′2, x3 + x′3) = F (t = 1)

F (t) = ϕ(x1 + x′1t, x2 + x′2t, x3 + x′3t)

F (t) =
∞∑
n=0

1
n!F

(n)(0)tn um t = 0

F ′(0) =
3∑
j=1

∂ϕ
∂xj

xj

F ′′(0) =
∑
jk

x′jx
′
k

∂2

∂xk∂xj
ϕ(r) = (

xj
∂
∂xj∑
j

)2ϕ(r)

F (n)(0) = (

xj
∂
∂xj∑
j

)nϕ(r)

F (t = 1) = varphi(r + r′) =
∞∑
n=0

1
n!(
∑
j

xj
∂
∂xj

)nϕ(r)

Beispiel:

ϕ(r) = α
|r−r0| um r=0 entwickeln:

n = 0 : ϕ(r)|r=0 = α
r0
, r0 > 0

n = 1 :
3∑
j=1

xj
∂
∂xj

ϕ(r)|r=0 =
3∑
j=1

xj
∂
∂xj

( α
|r−r0|)r=0 =

3∑
j=1

xjx(j0) α
r3
j

n = 2 :
∑
j,k

xjxk
∂2

∂xk∂xj
ϕ(r)

∂2

∂xk∂yk
= − ∂

∂xk

α(xj−xj0 )

|r−r0|2
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∑
j,k

xjxk
∂2

∂xk∂xj
ϕ(r) =

∑
j,k

xjxk
∂
∂xk

(
α(xj−x0)
|r−r0| ) =

∑
j,k

xjxk(δjk
−α
|r−r0|3 +

3α(xj−xj0 )(xk−xk0
)

|r−r0|5 )

=
∑
j,k

xjxk(−
αδkj
r3
0

+
3αxj0xk0

r5
0

) = α(3(r−r0)
r3
0
− r2

r3
0
)

2.3 Satz von Gauß

¸
S(V )

~Ed~f =
´
V

~v ~EdV

~A = (3xy, y, 0) über Halbkugel r=1 + Grundfläche

~∇ ~A = 3y + 1
´
V 3y + 1dV =

π/2´
0

π́

0

ŕ

0

(3r sin(ϑ) sin(ϕ) + 1)r2 sin(ϑ)drdϕdϑ =
π/2´
0

1́

0

2πr2 sin(ϑ)drdϑ

= 2π
1́

0

r2dr = 2π
3´

~A~erd~r =
´
0

~er ~AdF

~er ~A =

 sinϑ cosϕ

sinϑ sinϕ

cosϑ


 3 sin2 ϑ cosϕ sinϕ

sinϑ sinϕ

0


3 Elektrodynamik Tutorium vom 12.11.2010

3.1 Beispiele

•
1́

−∞
3xe−(x2−1)dx mit t = x2 − 1, also dt

dx = 2x, dt
2x = dx

=
0́

∞

3
2e
−tdt = [−3

2e
−t]0∞ = −3

2

•
5́

0

(3x2 − 1
x2 )δ(x− 3)dx = 27− 1

9

• ~∇~r = 3

• ~A = (3xy, x2, x2 + y2)

~∇ ~A = 3y

~∇× ~A = (2y,−2x,−x)

3.2 Fortsetzung: Halbkugel mit R=1

~A = (3xy, y, 0),
´
V

~∇ ~AdV = 2
3π

´
V

~∇dV =
¸
∂V

~Ad~F

¸
∂V

~AdF =
´⋂ ~er ~AdF − ´

0

~ez ~AdS =
π/2´
0

2π́

0

~er sinϑ ~AR2dϑdϕ

~er ~A =

 sinϑ cosϕ

sinϑ sinϕ

cosϑ


 3 sin2 ϑ cosϕ sinϕ

sinϑ sinϕ

0

 = 3 sin3 ϑ cos2 ϕ sinϕ+ sin2 ϑ sin2 ϕ
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d cosϕ
dϕ = − sinϕ⇔ dϕ = −d cosϕ

sinϕ

⇒
π/2´
0

2πˆ

0

(−3 sin4 ϑ cos2 ϕd cosϕ

︸ ︷︷ ︸
− 1

3
cos3 ϕ|2π0

)dϑ+
π/2´
0

2π́

0

sin3 ϑ sin2 ϕdϕdϑ = π
π/2´
0

sin3 ϑdϑ = 2
3π

3.3 Koordinatensysteme

~e1, ~e2, ~e3

~r =
3∑
j=1

xj~ej

d~r =
3∑
i=1

dxj~ej =
3∑
i=1

∂r
∂xj

dxj

y1, y2, y3

~eyj =
∂~r
∂yj

| ∂~r
∂yj
|

eyj · eyi = δij

Beispiel: x = r cosϕ, y = r sinϕ

er =
∂~r
∂r

| ∂~r
∂r
|
, ∂~r

∂r =

(
cosϕ

sinϕ

)

er =

(
cosϕ

sinϕ

)

eϕ = 1
j

(
−r sinϕ

r cosϕ

)
=

(
− sinϕ

cosϕ

)
, ∂~r
∂ϕ =

(
−r sinϕ

r cosϕ

)

J = ∂(x,y)
∂(r,ϕ) =

∣∣∣∣∣ cosϕ −r sinϕ

sinϕ −r cosϕ

∣∣∣∣∣ = r cos2 ϕ+ r sin2 ϕ = r

dV = dx1dx2 = rdrdϕ

3.4 Beispiel: parabolische Koordinaten

x = 1
2(u2 − v2), y = u · v, z′ = z

~eu = 1√
u2+v2

matcuv0

~ev = 1√
u2+v2

matc−vu0

~ez = matc001

J =

∣∣∣∣∣∣∣
u −v 0

v u 0

0 0 1

∣∣∣∣∣∣∣ = u2 + v2 ⇒ dV = (u2 + v2)dudv

3.5 Ladungsverteilung Draht

ρ(~r) = Q
L δ(x)δ(z)θ(L− x)

θ(x− x0) =

0 x− x0 < 0

1 x− x0 > 0
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3.6 Ladungsverteilung Kugelschale

Radius R, Gesamt-Ladung Q.

ρ(~r) = Q
4πR2´

V

~∇ ~Ed3r =
´
V

ρ(~r′)
ε0
d3r′ =

¸
∂V

~E~ndF

´
V

ρ(~r′)
ε0
d3r′ = Q

4πR2ε0
=

pi´
0

2π́

0

Ra´
0

δ(r′ −R)r′2 sinϑdr′dϕdϑ = Q
R2ε0

R2 = Q
ε0

~E(~r) = E(r)~er¸
∂V

~E~ndF =
¸
∂V

E(r)~er~erdF = E(r)
π́

0

2π́

0

R2 sinϑdϑdϕ = 4πR2E(r)

E(r) =


Q

4πε0R2 für r > R

0 für r ≤ R

4 Elektrodynamik Tutorium vom 19.11.2010

4.1 Integrale

•
π́

−π
sin θ cos θdθ : sin θ = x|d sin θ

dθ = cos θ ⇒ ... =
0́

0

xdx = 0

•
π́

0

sinxexdx = sinxex|π0 −
π́

0

cosxe1xdx = − cosxex|π0 +
pi´
0

t sinxexdx

2
π́

0

sinxexdx = − cosxex|π0 = eπ + 1

4.2 Fortsetung E-Feld Kugelschale

ρ(~r) = Q
2πRδ(r

′ −R)´
V

~∇ ~Ed3r =
´
V

ρ(~r′)
ε0
d3r′ =

¸
S(V )

~E~ndF = E(r)4πr2

´
V

ρ(~r′)
ε0
d3r′ = Q

ε0
⇒ E(r) =


Q

4πε0r2 ∀r > R

0 ∀r < R

4.3 Poisson-Gleichungen

∆ϕ(r) = −ρ(~r)
ε0

Randbedingungen: S(V ), ϕ oder ∂ϕ
∂n

⇒ ϕ(r) =
1

4πε0
(

ˆ

V

d3r′
ρ(~r′)

|~r − ~r′|
) +

1

4π︸ ︷︷ ︸
Ladung in V olumen

+
1

4π

ˆ

S(V )

df ′[
1

|~r − ~r′|
∂ϕ

∂n′
− ϕ(r′)

∂

∂n′
1

|~r − ~r′|
]

︸ ︷︷ ︸
Ladung auf Oberfläche

Dirichlet: ϕ auf S(V) (meistens)

Neumann: ∂ϕ∂n auf S(V) (selten, Feld senkrecht zur Oberfläche ändernd... hier nicht)

Green’sche Fkt: G(~r, ~r′) = 1
4πε0

1
|~r−~r′| + f(~r, ~r′) q=1

Es muss gelten: ∆rf(~r, ~r′) = 0

D :
´

S(V )

df ′GD(~r′, ~r) ∂ϕ∂n′ = 0

GD(~r′~r) = 1
4πε0

( q
|~r′−~r| + qB

|~r−~rB |)
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ϕ(~r) = 1
4πε0

´
V

d3r′ρ(~r′)( 1
|~r′−~r| + 1

|~r−~rB |)

Ansatz: 4πε0ϕ(r) = q
|~r′−~r| + qB

|~r−~rB |
!

= 0

⇒ qB = −q ⇒ zB = −z ⇒ ~rB = −~r
⇒ 4πε0ϕ(r) = q

|~r−~r′| −
q

|~r+~r′|
E(r) = −~∇rϕ(~r, ~r′)

ϕ(r) = q
4πε0

( 1
|~r−~r′| −

1
|~r+~r′|)⇒ ~r′(0, 0, z)

σ = ε0E(r, z = 0), q =
´
σdF

4.4 Fourier

b́

a
f∗(x)f(x)dx = ||f(x)||2 =

b́

a
|f(x)|2dx <∞

{fn(x)}n=1,2,..., orthogonal:
b́

a
f∗m(x)fn(x)dx = δmn

f(x) = 1
2A0 +

∞∑
n=1

[An cos 2πnx
a +Bn sin 2πnx

a ]

An = 2
a

a/2´
−a/2

f(x) cos 2πnx
a dx, Bn = 2

a

a/2´
−a/2

f(x) sin 2πnx
a dx

5 Elektrodynamik Tutorium vom 26.11.2010

5.1 Kugelfunktion

φ(r, ϑ, ϕ) =
∞∑
l=0

l∑
m=−l

(almr
l + blm

rl+1 )Ylm(ϑ, ϕ)

Allg Lösung von ∆φ = 0

5.2 Integrale

•
1́

0

1
x3 ln(x2)dx

1
x2 = a = x−2 ⇔ da

dx = −2x−3, ln( 1
a) = −ln(a)

⇒
1́

∞

1
2 ln(a)da = 1

2 [−a+ aln[a]]∞1 =...

5.3 Hausaufgabenhinweise

gerade Funktion: f(x) = f(−x)⇒ cos(x)

ungerade Funktion: −f(x) = f(−x)⇒ sin(x)
b́

a
f∗(x)f(x)dx = ||f(x)||2 =

b́

a
|f(x)|2dx = N

b́

a

1√
N
f∗(x) 1√

N
f(x)dx = N

N = 1

Fourier-Reihe:

f(x) = 1
2A0 +

∞∑
n=1

[An cos(2πnx
a ) +Bn sin(2πnx

a )]

An = 2
a

a/2´
−a/2

f(x) cos(2πnx
a )dx
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Bn = 2
a

a/2´
−a/2

f(x) sin(2πnx
a )dx

Fourier-Funktion:

f(x) = 1√
2π

∞́

−∞
dkf̃(k)eikx

f̃(x) = 1√
2π

∞́

−∞
dxf(x)e−ikx

Beispiel: f(x) = e−x
2/2

f̃(x) = 1√
2π

∞́

−∞
dxe−x

2/2e−ikx

Hinweis:
∞́

−∞
dxe−x

2/a = π

x2 + 2ikx+ (ik)2 − (ik)2 = (x+ ik︸ ︷︷ ︸
z

)2 + k2

⇒ f̃(x) = 1√
2π

∞́

−∞
dxe

−x2−2ikx
2

= 1√
2π

∞́

−∞
dze−z

2/2e−k
2/2

= 1√
2π
e−k

2/2
∞́

−∞
e−z

2/2dz =
√

2π√
2π
e−k

2/2 = e−k
2/2

5.4 geerdete Kugel

Dirichlet, da Oberfläche geerdet (ϕ(r)|r=R = 0)ϕ(r) = q1
4πε0

1
|~r−~r0| + q2

4πε0
1

|~r+~r0| + f(~r, ~r0)

= 1
4πε0

(
q1
|~r−~r0| + q2

|~r+~r0| +
qB1
|~r−~rB1

| +
qB2
|~r−~rB2

|

)
~r = r~er, ~r0 = r0~er0 , ~rB1 = rB1~er0 , ~rB2 = rB2~er0 ⇒ ~rB||~r0

ϕ(r) = 1
4πε0

(
q1
r

1
|~er− r0r ~er0 |

+ q2
r

1
|~er− r0r ~er0 |

+
qB1
rB1

1
| r
rB1

~er−~er0 |
+

qB2
rB2

1
| r
rB2

~er+~er0 |

)
= ϕ(r) = 1

4πε0

 q1
r

1

(1+
r20
r2
−2

r0
r

cos(γ))1/2
+ q2

r
1

(1+
r20
r2
−2

r0
r

cos(γ))1/2
+

qB1
rB1

1

(1+ r2

r2
B1

−2 r
rB1

cos(γ))1/2
+

qB2
rB2

1

(1+ r2

r2
B2

+2 r
rB2

cos(γ))1/2


⇒ − q1

R =
qB1
rB1
⇒ qB1 = −q1

rB1
R

⇒ − q2
R =

qB2
rB2
⇒ qB2 = −q2

rB2
R

1 +
r2
0
R2 − 2 r0R cos(γ) = 1 + R2

r2
B1

− 2 R
rB1

cos(γ)

⇒ r0
R = R

rB1
⇒ rB1 = R2

r0

⇒ rB2 = R2

r0

⇒ qB1 = −q1
R
r0
, qB2 = −q2

R
r0
⇒ ϕ(r) = 1

4πε0

(
q1
|~r−~r0| + q2

|~r+~r0| −
q1

|~r−R2

r20
~r0|

R
r0
− q2

|~r+R2

r20
~r0|

R
r0

)

6 Elektrodynamik Tutorium vom 3.12.2010

6.1 Anwendung Nabla in Kugelkoord

∆φ = ~∇2φ = 0,

∆ = 1
r
∂2

∂r2 (r) + 1
r2 sin(ϑ)

∂
∂ϑ(sin(ϑ) ∂

∂ϑ) + 1
r2 sin2(ϑ)

∂2

∂ϑ2

∆φ = ~∇2φ = 1
r
∂2

∂r2 (rφ) + 1
r2 sin(ϑ)

∂
∂ϑ(sin(ϑ)∂φ∂ϑ) + 1

r2 sin2(ϑ)
∂2φ

∂v2̃
= 0

Ansatz: φ : (r, ϑ, ϕ) = u(r)g(ϑ)χ(ϕ)
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0 = gλ
r
∂2f
∂r2 + fg

r3 sin2(ϑ)
∂2χ
∂ϕ2 + fχ

r3 sinϑ
∂
∂ϑ(sin(ϑ) ∂g∂ϑ) | · r

3 sin2(ϑ)
fgχ

0 = r2 sin2(ϑ)
f

∂2f
∂r2 +

1

χ

∂2χ

∂ϕ2︸ ︷︷ ︸
−m2=const

+ sin(ϑ)
g

∂
∂ϑ(sin(ϑ) ∂g∂ϑ)

1
χ
∂2χ
∂ϕ2 +m2 = 0⇔ ∂2χ

∂ϕ2 +χm2 = 0⇒ χ(ϕ) = e±imp m2

sin2 ϑ
=
r2

f

∂2f

∂r2︸ ︷︷ ︸
=:l(l+1)

+ 1
g sin(ϑ)

∂
∂ϑ(sin(ϑ) ∂g∂ϑ)

r2 1
f
∂2f
∂r2 − l(l + 1) = 0

∂2f
∂r2 − f

r2l
(l + 1) = 0

f(r) = rγ ⇔ γ(γ − 1) = l(l + 1)⇒ γ = −l ∨ γ = l + 1

f(r) = Alr
l+1 +Blr

−l

⇒ 0 = l(l + 1)− m2

sin2(ϑ)
+ 1

g sin(ϑ)
∂
∂ϑ(sin(ϑ) ∂

∂ϑ)

= (l(l + 1)− m2

sin2(ϑ)
)g + 1

sin(ϑ) ∂
∂ϑ

(sin(ϑ) ∂g
∂ϑ

⇒ x = cos(ϑ), dϑ = − dx
sin(ϑ)

⇒ 0 = d
dx((1− x2) dgdx) + [l(l + 1)− m2

1−x2 ]g

g(x) =
∞∑
n=0

cnx
n

φ(r, ϑ, ϕ, x = cos(ϑ)) = (Alr
l +Blr

−(l+1)) gl(x)︸ ︷︷ ︸
Pl

φ(r, ϑ, ϕ) =
∑
i
Pi

φ(r, ϑ, ϕ) =
∞∑
i=0

+l∑
m=−l

(Almr
l +Blmr

−(l+1))Ylm(ϑ, ϕ)

6.2 Beispiel: ungeladene Metallkugel

ungeladene Metallkugel in homogenen E-Feld ~E0

a) Symmetrie: Axialsymmetrie: keine ϕ-Abh.

Allg. Potential: φ(r, ϑ) =
∑
l

(Alr
l +B

−(l+1)
l )(2l + 1)Pl(cos(ϑ))

b) Randbedingung:

i) r →∞⇒ −~∇φ(a) = ~E0~ez ⇔ −
´
E0dz = φ(a) = −E0z

ii) r < R, E(i) = 0⇔ −~∇φ(i) = E(i) ⇒ φ(i) = const = 0

iii) φ(i)(R) = φ(a)(R)

aus (ii)⇒ A
(i)
l = B

(i)
l = 0,∀l

iii)⇒ 0 = φ(a)(R) =
∑
i

(AlR
l +BlR

−(l+1))Pl(cos(ϑ))(2l + 1)

AlR
l = −Bl

Rl+1 ⇔ Bl = −AlR2l+1

aus (i) ⇒ φa(r →∞) = −E0z = −E0r cos(ϑ) = −E0rP1(cos(ϑ))

φ(a)(r) =
∑
i

(Alr
l −AlR2l+1r−(l+1))(2l + 1)Pl(cos(ϑ))

φ(a)(r →∞) = 3A1rP1(cos(ϑ)) = −E0rP1(cos(ϑ))

A1 = −1
3E0, B1 = E0

R3

3

⇒ φ(r, ϑ) =

0 , r ≤ R

(−E0r + E0R3

r2 P1(cos(ϑ)) , r > R
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6.3 Kugel mit Oberflächen-Ladung

Kugel mit Oberflächenladung σ(θ) = α(3 cos2(θ)− 1), α = const

Ansatz: φ =
∞∑
i=0

(2l + 1)(Alr
l +Blr

−(l+1)Pl(cos(ϑ))

i) Regularität im Ursprung: r → 0 : φi(r = 0)→ endlich

ii) Endlichkeit: r →∞ : φa(r →∞)→ endlich

iii) φ(R) = φa(R)

iv σ(θ) = −ε0(∂φ
a

∂r −
∂φi

∂r )|r=R

7 Elektrodynamik Tutorium vom 21.1.2011

7.1 Magnetfelder

7.2 Induktionsgesetz

U =
´
~∇× (~∇× ~B)d~f = −

´
∆ ~Bd~F ...

= − d
dt

´
~Bd~F (für ∂ ~B

∂t = 0)

magnetischer Fluss: φ =
´
~Bd~F → U = d

dtφ

7.3 Beispiel: Leiterschleife durch Magnetfeld

~Fj =
´
~j × ~BdV

x(t = 0) = ẋ(t = 0) = 0

I =
´
F

~jdF

~FL =
´
~j × ~BdV = B

´
~j × ~ezdV

= B
´
I~ey × ~exdy

F = mv̇ = IBL⇒ v̇ = IBL
m

v =
´
v̇dt = v̇t+ v0

⇒ v = IBL
m t

Uind = − d
dt

´
~Bd~F = − d

dt

´
B~ez~ezdF

= −B d
dt

´
dF = −B d

dtLx(t) = −BLv = − IB2L2

m t
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7.4 Maxwell-Gleichungen

stationär:

~∇ ~D = ρ

~∇× ~H = ~j

~∇ ~B = 0

~∇× ~E = −∂ ~B
∂t

allgemein:

inhomogen homogen

~∇ ~D = ρ ~∇ ~B = 0

~∇× ~H − ∂ ~D
∂t = ~j ~∇× ~E + ∂ ~B

∂t = 0

~B = µµ0
~H ~D = εε0

~E

⇒
~E = −~∇φ− ∂ ~A

∂t
~B = ~∇× ~A

}
~∇2 ~A− 1

k2
∂2 ~A
∂t2

= −µµ0
~j

~∇2φ− 1
k2

∂2φ
∂t2

= − ρ
εε0

, k = 1√
µµ0εε0

= c

� = ~∇2 − 1
k2

∂2

∂t2 ”
Quabla“

7.5 em-Wellen im Vakuum

ε0
~E = ~D, ~B = µ0

~H, ρ = 0, ~j = 0

ε0
~∇ ~E = 0, ~∇× ~E + ∂ ~B

∂t = 0, ~∇× ~B = ε0µ0
∂ ~E
∂t ,

~∇ ~B = 0

⇒ ~∇× (~∇× ~B) = ε0µ0
∂
∂t (~∇× ~E)︸ ︷︷ ︸

− ∂ ~B
∂t

⇒ −∆ ~B = −ε0µ0
∂2

∂t2
~B

∆ ~B − ε0µ0︸︷︷︸
1
c2

∂2

∂t2
~B = 0

~∇× (~∇× ~E) = − ∂
∂t(

~∇× ~B)

⇒ ∆E = − ε0µ0︸︷︷︸
1
c2

∂2

∂t2
~E

7.6 Lösung d. Wellengleichung

~E = ~E0e
−~k~r−ωt

∆ ~E = ~E0∆e−i(
~k~r−ωt) = −~k2 ~E

∂2 ~E
∂t2

= −ω2 ~E, ω2 = ~k2c2

(−k2 + ω2

c2
) ~E = 0

7.7 Eigenschaften von em-Wellen

Wie stehen ~k, ~E, ~B

~∇ ~E = 0 = i~k ~E, ~k⊥ ~E ~∇ ~B = 0 = i~k ~B, ~k⊥ ~B ~∇× ~E = −∂ ~B
∂t

⇒ i(~k × ~E) = iω ~B, ~E⊥ ~B
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8 Elektrodynamik Tutorium vom 28.1.2011

8.1 Wellengleichung

homogene Wellengleichung: �ψ(~r, t)
� = ∆− 1

u2
∂2

∂t2

ψ(~r, t) = f−(~k~r − ωt) + f+(~k~r + ωt), u2k2 = ω2

~k = k~ez ⇒ ~k~r = kz

k = kz′ − ωt
z = z′ − ω

k

z′0 = z0 + ω
k t

dz′

dt = ω
k = u

Ansatz: f−(~r, t) = Aei(
~k~r−ωk)

f+(~r, t) = Bei(
~k~r+ωt)

⇒ ~E = ~E0e
i(~k~r−ωt), ~B = ~B0e

i(~k′~r−ω′t)

Maxwell: ~∇ ~E = 0 ~∇× ~E = −̇~B
~∇ ~B = 0 ~∇× ~B = 1

u2
~̇E

⇒ ~k⊥ ~B, ~E ~∇× ~E = − ~B
i(~k × ~E0)ei(

~k~r−ωt) = iω′ ~B0e
i(~k′~r−ω′t)

k = k′, ω = ω′ ⇒ ~k × ~E0 = ω ~B0, ~k × ~B0 = ω
u2
~E0,

~E0 = E0x~ex + E0y~ey
~B0 = B0x~ex +B0y~ey
~k × ~B0 = kB0x~ey − kB0y~ex

= − ω
u2 e0x~ex − ω

u2 − e0y~ey

B0x = − ω
u2k

E0y = −ω
uE0y

B0y = ω
u2k

E0x = ω
uE0x

⇒ ~E = (E0x~ex + E0y~ey)e
i(kz−ωt)

⇒ ~B = (− 1
uE0x~ex + 1

uE0y~ey)e
i(kz−ωt)

E0x = |E0x|eiϕ, E0y = |e0y|eiϕ+δ

~E = (|E0x|~ex + |E0y|~eyeiδ)ei(kz−ωt+ϕ

<( ~E) = |E0x|~ex cos(ξ) + |E0y|~eyeiδ(cos(δ) cos(ξ)− sin(δ) sin(ξ))

1. Fall: δ = 0,±π
⇒ <( ~E) = (|E0x|~ex + |E0y|~ey) cos(ξ)

tan(α) =
±|E0y |
|E0x|

(linear Polarisiert)

2. Fall δ = ±π
2

⇒ cos(δ) = 0, sin(δ) = ±1

⇒ <( ~E) = (|E0x|~ex cos(ξ)∓ |E0y|~ey sin(ξ))

8.2 Fourier-Transformation

f(x) = 1√
2π

∞́

−∞
dkF̃ (k)eikx

F̃ (x) = 1√
2π

∞́

−∞
dxf̃(k)e−ikx
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~k~x = kxx+ kyy + kzz ⇒ ei
~k~x = eikxx + eikyy + eikzz

3dim: 1√
2π

3

´
dr3f(~x)ei

~k~x

ψ(~r, k) = 1
(2π)2

´
d3k
´
dωψ̃(~k, ω)ei(

~k~r−ωt)

δ(~k − ~k′) = 1
(2π)3

∞́

−∞
d3rei~x(~k−~k′)

⇒ 1
(2π)2

∞́

−∞
d3k

∞́

−∞
dω(−k2 + ω2

u2 )ψ̃(~k, ω)ei(
~k~r−ωt = 0

Multiplizieren mit e−i(
~k′~r−ω′t)

∞́

−∞
d3r

∞́

−∞
dk

ei
~k~re−iωte−i

~k′~r = ei(
~k−~k′)~rei(ω

′−ω)t

⇒ (−k′2 + ω2

u2 )ψ̃(~k′, ω′) = 0

9 Elektrodynamik Tutorium vom 11.2.2011

9.1 Aufgabe 1

Aufgabe:

f̃(ω) = 1√
2π

∞́

−∞
f(t)e−iωtdt

f(t) = 1√
2π

∞́

−∞
f̃(ω)eiωxdω

f(t) = e−( t
∆t

)2 ⇒ f̃(ω) =?

Lösung:

f̃(ω) = 1
2π

∞́

−∞
e−( t

∆t
)2
e−iωtdt

= 1
2π

∞́

−∞
e−(( t

∆t
)2+iωt)dt

= 1
2π

∞́

−∞
e−

(t2+iωt∆t+( 1
2 iω∆t2)2)+(

const︷ ︸︸ ︷
1

2
iω∆t)2

∆t2 dt

= 1√
2π
e−

1
4ω

2∆t4

∆t2

∞́

−∞
e−

(t+ 1
2 iω∆t2)2

∆t2 dt

Jetzt: Substitution z = t+ 1
2 iωt

2, ∂z
∂t = 1

⇒ ... = 1√
2π
e−

1
4
ω2∆t2

∞́

−∞
e−

z2

∆t2 dz = 1√
2
∆te−

1
4
ω2∆t2

Bemerkung: Fouriertransformation von Gaußfkt. ist immer Gaußfkt.

9.2 Aufgabe 2

f(t) = e−λt ⇒ f̃(ω) =?

f̃(ω) = 1√
2π

∞́

−∞
e−λte−iωtdt = 1√

2π

∞́

−∞
e(−λ−iω)tdt

= 1√
2π

[
1

−λ−iωe
(−λ−iω)t

]∞
0

= 1√
2π

1
λ+iω
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9.3 Aufgabe 3: 3-Dim Fouriertransf.

Aufgabe:

f̃(~k) = 1
(2π)3/2

´
d3rf(~r)ei

~k~r

mit ei
~k~r = eikxx+ikyy+ikzz und f(r) = e−µr

r (µ > 0)

Hinweis:
∞́

0

xne−ηxdx = n!η−n+1

Lösung:

f̃(~k) = 1
(2π)3/2

´
d3r e

−µr

r ei
~k~r

= ... = 1√
2π

∞́

0

π́

0

re−µreikr cos(θ)d cos(θ)dr

= 1√
2π

∞́

0

e−µr
[
e−ikr − eikr

]
dr

= i
k
√

2π

(∞́
0

e−r(µ+ik)dr −
∞́

0

e−r(µ−ik)dr

)
= i

k
√

2π

[
1

µ+ik −
1

µ−ik

]
= 2√

2π(µ2+k2)

9.4 linearer, homogener, aufgeladener Isolator

Maxwellgl: ~∇ ~E = 0 ~∇ ~B = 0

~∇× ~E = − ~̇B ~∇× ~B = 1
u2
~̇E

Aufgabe dazu:

~E(~r, t) = E0
5 (~ex − 2~ey)e

i(~k~r−ωt) mit ~k = k~ez ~B(~r, t) =?

⇒ ~∇× ~E = −̇~B =

 ∂x

∂y

∂z

x...

Ergebnis: ~B(~r, t) = E0
5
k
ωe

i(kz−ωt)(2~ex + ~ey)

⇒ Linear polarisiert, da 2~ex + ~ey nicht zeitabhängig

Aufgabe 2:

~B(~r, t) = B0 cos(kz − ωt)~ex +B0 sin(kz − ωt)~ey

~∇× ~B =

 ∂x

∂y

∂z

×B0

 cos(kz − ωt)
sin(kz − ωt)

0

 = −B0k

 cos(kz − ωt)
sin(kz − ωt)

0


⇒ B0

k
ω

1
u2

 − sin(kz − ωt)
cos(kz − ωt)

0

 = uB0

 − sin(kz − ωt)
cos(kz − ωt)

0


10 Elektrodynamik Tutorium vom 18.2.2011

Klausurvorbereitung: Aufgabenübersicht

10.1 Biot-Savart

Biot-Savart: B(~r) = µ0I
4π

´
c
d~r′ × (~r−~r′)

|~r−~r′|3
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~r′ = ~r′(ϕ) =

(
a cos(ϕ)

a sin(ϕ)

)
, ϕ ∈ [0, 2π)

~r0?~r − ~r′ =

 0

0

z

−
 a cos(ϕ)

a sin(ϕ)

0

 =

 −a cos(ϕ)

−a sin(ϕ)

z


|~r3

0| = (a2 + z2)3/2

d~r′ = d~r
dϕdϕ =

(
−a sin(ϕ)

a cos(ϕ)

)

d~r × ~r0 =

 az cos(ϕ)

az sin(ϕ)

a2

 dϕ

⇒ ~B(~r) = µ0I
4π

2π́

0

1
r3
0

 az cos(ϕ)

az sin(ϕ)

a2

 dϕ

= µ0I
2

a2

(a2+z2)3/2

10.2 Magnetfeld

Gefragt: B im ganzen Raum¸
c

~Bd~r = µ0

´
S(c)

~jd~f

~B(~r) = B(~r)~eϕ

L.S.:
¸
c

~Bd~r =
2π́

0

rB(~r)dϕ = 2πrB(~r)

R.S.:

1. Fall r ≤ R1:

B(~r) = 0, da j für r ≤ R10 ist

2. Fall R1 ≤ r ≤ R2:

µ0

ŕ

0

2π́

0

jrdrdϕ

= µ0

[
R1´
0

2π́

0

jirdrdϕ+
ŕ

R1

2π́

0

rjdrdϕ

]
= µ0πj(r

2 −R2
1)

I = πj(R2
2 −R2

1)⇒ j = I
π(R2

2−R2
1)

⇒ ... = µ0I
(r2−R2

1)

(R2
2−R2

1)

3. Fall R2 ≤ r :

µ0

ŕ

0

2π́

0

... = µ0

[
0 +

R2´
R1

2π́

0

jrdrdϕ+ 0

]
= πµ0j(R

2
2 −R2

1) = µ0I

B(~r) = µ0I
2π


0 r ≤ R1

r
R2

2−R2
1

R1 ≤ r ≤ R2

1
r R2 ≤ r
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10.3 Schwingkreis

UR = IR

UC = U
C

UL = −Lİ
I = Q̇

UR = Ue − UC + UL ⇔ IR = Ue − Q
C − Lİ

10.4 Wellenpakete

H± =
∞́

−∞
b(k)ei(kz±wt)dt

10.5 Energie-/Energiestromdichte

A(~r) = 1
t

t+τ´
t

dt′A(~r, t′)

ω(~r, t) = 1
2( ~H(~r, t) ~B(~r, t) + ~E(~r, t) ~D(~r, t))

~s(~r, t) = ( ~E(~r, t)× ~H(~r, t))

10.6 Brechung/Reflexion

ϑ1 = ϑ1r
sin(ϑ1)
sin(ϑ2) = n2

n1

R =
∣∣ n̂−1
n̂+1

∣∣2 und R+ T = 1

10.7 Blatt 13, NR.3

1) ~∇× [ ~E2 − ( ~E1 + ~E1r)] = 0

2) ~∇ · [εr2 ~E2 − εr1( ~E1 + ~E1r)] = 0

3) ~∇× [ 1
µr2

(~k2 × ~E2)− 1
µr1

(~k1 × ~E1 + ~k1r × ~E1r] = 0

4) ~∇ · [(~k2 × ~E2)− (~k1 × ~E1 + ~k1r × ~E1r)] = 0

~k =

 kx

0

kz

 =

 k sin(θ)

0

k cos(θ)


~E =

 0

Ey

0


• ~k ~E = 0 • (~k × ~E)~ez = Eyk sin(θ)

• ~E~ez = 0 • ~E × ~ez = (ey, 0, 0)

• ~I × ~E = (−Eyk cos(θ), 0, Eyk sin(θ)) • (~k × ~E)× ~ez = (0, Eyk cos(θ), 0)

3© −E02kz2 + E01kz1 + E1rkz1r = 0
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1© −E02 + E01 + E01r = 0⇒ E02 = E01 + E01r

⇒ −E01kz2 − E01rk2z + E01kz1 − E01rkz1 = 0

E01(kz1 − kz2) = E01r(kz2 + kz1)
E01r
E01

= kz1−kz2
kz2−kz1 = k1 cos(θ1)−k2 cos(θ2)

k2 cos(θ2)+k1 cos(θ1)

k2 = k1
n2
n1

⇒ E01r
E01

=
k1 cos(θ1)−k1

n2
n1

cos(θ2)

k1
n2
n1

cos(θ2)+k1 cos(θ1)

= n1 cos(θ1)−n2 cos(θ2)
n2 cos(θ2)+n1 cos(θ1)
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