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1 29.04.11 Theo 4 Vorlesungs Tutorium 1 - 28

1 Tutorium vom 29.04.2011 (Blatt 1)

1.1 Hausaufgabe 1

Compton-Wellenlänge eines Teilchen mit Masse m: λc = h
mc

h = 6.626 · 10−34Js = 4.1357 · 10−15eV s

~ = h
2π = 1.0546 · 10−34Js = 6.582 · 10−16eV s

~c = 197.33MeV fm

1MeV
c2

= 1.79 · 10−30kg

a) me = 9.1 · 10−34kg = 0.51MeV
c2

λc(e
−) = 2π~

mec
= 2π~c

mec2
= 2·3.14·197.33MeV fm

0.51MeV

≈ 2429.86745fm ≈ 2.43 · 10−12m

b,c) analog

d) m(Auto) = t = 103kg = 0.56 · 1033MeV
c2

λc(Auto) = 2π~
m(Auto)c = 2π~c

mc2
= 2·3.14·197.33MeV fm

0.56·1033MeV

≈ 22.13 · 10−31fm ≈ 22.13 · 10−46m

λdeBroglie = h
p = h

mv ...

1.2 Hausaufgabe 2

~ = 10−3Js nur in Quantum-Land

d = 20cm = ∆, M = 0.1g

∆x ·∆p ≥ ~
2

⇒ ∆P = ~
2π =

10−3kbm
s2
ms

2·0.2m = 2.5 · 10−3kgms

∆σ = ∆p
M =

2.5·10−3kgm
s

10−4kg
= 25ms = 90kmh

∆vmin ≥ 90kmh

d.h. Die Kerne besitzen min. 90kmh !

1.3 Hausaufgabe 3

a) Lagrangefunktion:

L = T − V = 1
2mv

2 − e2

r , v2 = ~̇r2

~r(t) = (r(t) cos(φ(t)), r(t) sin(φ(t)))

~̇r = (ṙ cos(ϕ) + r(− sin(φ))φ̇, ṙ sin(φ) + r cos(φ)φ̇)

⇒ ~̇r2 = ṙ2 + r2φ̇2 = v2

Julian Bergmann



1 29.04.11 Theo 4 Vorlesungs Tutorium 2 - 28

Hamiltonfunktion:

H = T + V = 1
2mv

2 e2

r = 1
2mṙ + 1

2mr
2φ̇2 − e2

r

Kanonische Größen:

pφ = ∂L
∂φ̇

= mr2φ̇, pr = ∂L
∂ṙ = mṙ

⇒ p2
r

2m = m2ṙ2

2m = 1
2mṙ

2,
p2
φ

2m = m2r4φ̇2

2mr2 = 1
2mr

2φ̇2

H = T + V = p2
r

2m +
p2
φ

2mr2 − e2

r

∂L
∂φ = 0, ∂L

∂φ̇
6= 0⇒ φ zyklisch.

Konstanten der Bewegung:

(1) H = E, da H(q, p) nicht explizit zeitabhängig.

(2) pφ = L, da φ zyklische Variable.

L: konstanter Drehimpuls.

Hamilton’sche Gleichungen:

ṗφ = −∂H
∂φ = 0, φ̇ = ∂H

∂pφ
=

pφ
mr2

ṗr = −∂H
∂r = − e2

r2 +
p2
φ

mr3 0, ṙ = ∂H
∂pr

= pr
m

b) Mit pφ = L :

E = p2
r

2m + L2

2mr2 − e2

r

⇒ pr =

√
2m(Er2+e2r)−L2

r

c) Umkehrpunkte: pr = 0

2m(Er2 + e2r)− L2 = 0 ⇒ r2 + e2

E r −
L2

2mE = 0

⇒ r1,2 = − e2

2E ±
√

∆
4mE mit ∆ = −4m(2EL2 +me4)

d,e) wegen Einschüben fallen gelassen.

1.4 Einschub: harm. Oszillator

E = T + V = mq̇2

2 + fq2

2 = p2

2m + fq2

2

p2

2mE + q2

2mE = 1, a =
√

2mE, b =
√

2E
f

p2

a2 + q2

b2
= 1 ⇒ Ellipse

F =
´
f(x)dx, Ellipse:

¸
pdq = πab = π

√
2mE

√
2E
f = 2πE

√
m
f

ν = 1
2π

√
f
m ⇒

¸
pdq = πab = 2πE

√
m
f = E

ν = nh

Oszillator-Zustände: En = nhν

⇒
¸
pdq = nh

Hinweis zur Schreibweise: f=D=k

Julian Bergmann
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1.5 Bohr’sche Bahnen

n = nr + nϕ, nϕ = 1, ..., n

Bahnen: a) b) c)

En = − me4

2n2~2

2 Tutorium vom 06.05.11 (Blatt 2)

2.1 Hausaufgabe 3

ẍ+ ω2
0 sin(x) = F cos(ωt)

a) sin(x) =
∑
k

(−1)k x2k+1

(2k+1)! ≈ x−
1
6x

3

⇒ ẍ+ ω0x− 1
6ω0x

3 = F cos(ωt)

b) x′ = dx
dτ , ẋ = dx

dt = dx
dτ

dτ
dt = x′ω

⇒ ẍ = ω2x′′

⇒ x′′ + Ω2x− 1
6Ω2x3 = Γ cos(τ)

c) (x′′0 + ε′′1 + ...) + Ω2(x0 + ε1 + ...)− ε(x0 + εx1 + ...)3 = Γ cos(τ)

⇒ DGLs :

x′′0 + Ω2x0 = Γ cos(τ)

x′′1 + Ω2x1 = x3
0

x′′2 + Ω2x2 = 3x2
0x1

d) 2π-periodisch nur für a0 = b0 = 0

e) x0(τ) = Γ
Ω2−1

cos(τ) einsetzen.

x′′1 + Ω2x1 = Γ3

(Ω2−1)3 (
3

4
cos(τ) +

1

4
cos(3τ))︸ ︷︷ ︸

cos3(τ)

f) x1(τ) = A cos(τ) +B cos(3τ)⇒ x′′1(τ) = −A cos(τ)− 9B cos(3τ)

x′′1+Ω2x1 = A(Ω2−1) cos(τ)+B(Ω2−9) cos(3τ)
!

= 3
4

Γ3

(Ω2−1)3 cos(τ)+1
4

Γ3

(Ω2−1)3 cos(3τ)

⇒ A = 3
4

Γ3

(Ω2−1)4 , B = 1
4

Γ3

(Ω2−1)3(Ω2−9)

g) x(ε, τ) = Γ
Ω2−1

cos(τ) + ε(3
4

Γ3

(Ω2−1)4 cos(τ) + 1
4

Γ3

(Ω2−1)3(Ω2−9)
cos(3τ)) +O(ε2)

Julian Bergmann
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2.2 Hausaufgabe 4

a) Ψ(x, 0) =
∞́

−∞
f(p)Ψp(x− x0, 0)dp

=
∞́

−∞

1

(2π)1/4√σp︸ ︷︷ ︸
c1

e
− (p−p0)2

4σ2
p

1

(2π~)1/2︸ ︷︷ ︸
c2

e−
i
~ (0−p(x−x0))dp

Integrand:

e
− (p−p0)2

4σ2
p e

i
~p(x−x0) = e

−p2−2pp0+p20
4σ2
p e

i
~p(x−x0)

= e
− p2

4σ2
p

+
2p0p

4σ2
p

+ i
~ (x−x0)p

e
− p20

4σ2
p

= exp(− 1

4σ2
p︸ ︷︷ ︸

a

p2 + [
p0

2σ2
p

+
i

~
(x− x0)]︸ ︷︷ ︸
b

p+ (− p2
0

4σ2
p

)︸ ︷︷ ︸
c

)

⇒ ax2 + bx+ c = a(x2 + b
ax+ ( b

2a)2 − ( b
2a)2) + c

Ψ(x, 0) = c1, c2

∞́

−∞
ea(p+ b

2a
)2
ec−

b2

4adp

= c1c2e
c− b

2

4a

∞̂

−∞

e−α(p−β)2
dp

︸ ︷︷ ︸
=
√

π
α

, mit α = 1
4σ2
p

= c1c2e
c− b

2

4a · 2σp
√
π

Exponent:

x− b2

4a = − p2
0

4σ2
p
− 1

4(− 1
4σp

)
[ p0

2σ2
p

+ i
~(x− x0]2

= − p2
0

4σ2
p

+ σ2
p[

p2
0

4σ4
p

+ ip0(x−x0)
σ2
p~

− (x−x0)2

~ ]

= − (x−x0)2σ2
p

~2 + i
~p0(x− x0)

Damit: Ψ(x, 0) =
1

(2π)1/4√σp
· 1

(2π~)2
· 2σp

√
π︸ ︷︷ ︸

1

(2π)1/4

√
2σp
~

e−
σ2
p

~2 (x−x0)2

· e
i
~p0(x−x0)

Für t=0: σpσx = ~
2

 ⇒
√

2σp
~ = 1√

σx

⇒ σ2
p

~2 = 1
4σ2
x

⇒ Ψ(x, 0) = 1
(2π)1/4√σx

e−
(x−x0)2

4σx e
i
~p0(x−x0) = M(x, 0)eiφ(x,0)

b)
∞́

−∞
|Ψ(x, 0)|2dx = 1√

2πσx

∞́

−∞
e

(x−x0)2

2σx dx

= 1√
2πσx

√
π
1

2πσ2
x

= 1√
2πσx

·
√

2πσx = 1

Julian Bergmann
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3 Tutorium vom 13.05.11 (Blatt 3)

3.1 Hausaufgabe 6

Ψ(x) = N exp(− (x−x0)2

2σ2 )

a) Substitution: x− x0 → x
∞́

−∞
Ψ2(x)dx = N 2

∞́

−∞
e−

x2

σ2 dx = N
√
πσ

⇒ N = (πσ2)−
1
4

b) Nach Vorliebe von Herrn Prof. Dr. Lenske:

Ψ(p) =
∞́

−∞
e+ipxΨ(x)dx

Ψ(x) =
∞́

−∞
e−ipxΨ(p) dp2π

∞́

−∞
e−α(x−β)2

dx =
√

π
α

Ψ(x) = N
∞́

−∞
dxeipx−

(x−x0)2

2σ2 = N
∞́

−∞

a = − (x−x0)2

2σ2 + ipx = − x2

2σ2 + x0x
σ2 −

x2
0

2σ2 + ipx

= − 1
2σ2 (x2 − (2x0 + ip · 2σ2)x+ x2

0)

= − 1
2σ2 ((x+ (x0 + ipσ2)2︸ ︷︷ ︸

x̃

)2 − (x0 + ipσ2)2 + x02)

= − 1
2σ2 (x̃2 − 2ipσx0 + p2σ4)

Das Gauß-Integral über x̃ liefert den Faktor
√

2πσ und man erhält:

Ψ(p) = (4πσ2)
1
4 e−

σ2p2

2
+ipx0

Die Fourier-Transformation ist norm-erhaltend:
∞́

−∞

dp
2π |Ψ(p)|2 = 1

c) x− x0 → u n=1:

< x >=
∞́

−∞
dxΨ∗(x)xΨ(x) = N

∞́

−∞
du(u+ x0)e−

u2

σ2

= 1√
πσ

= x0
√
σ = x0, weil

∞́

−∞
dxxe−

x2

σ2 = 0

< p >= 0

Julian Bergmann
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n=2:

< x2 >=
∞́

−∞
dxΨ∗(x)x2Ψ(x) = N 2

∞́

−∞
dx′ (x+ x0)2︸ ︷︷ ︸

x2+2x0x+x2
0

e−
x′2
σ2

= N 2


∞́

−∞
dxx2e−

x2

σ2 + 2x0

∞̂

−∞

dxxe−
x2

σ2

︸ ︷︷ ︸
=0, ungerd. Integrant

+
∞́

−∞
dxx2

0e
− x

2

σ2


= 1√

πσ
(1

2

√
πσ
√
σ + x2

0

√
πσ) = 1

2

√
σ + x2

0

Ψ(p) = (4πσ2)
1
4 e−

σ2p2

2
+ipx0

< p2 >=
∞́

−∞

dp
2πΨ∗(p)p2Ψ(p)

= (4πσ2)
∞́

−∞

dp
2πe
−σ2p2

p2

= 2σ
√
pi 1

2π

√
π

2(σ2)
3
2

= 1
2
√
σ

e) (∆x)2 =< x2 > − < x >2= kr2
√
σ + x2

0 − x2
0 = 1

2

√
σ

(∆p)2 =< p2 > − < p >2= 1
2
√
σ

∆x ·∆p = ( 1
2
√
σ
· 1

2

√
σ)

1
2 = 1

2

⇒ ∆x∆p ≥ ~
2 mit ~ = 1

d) 1. n=1:[x, p] = i~, [A,BC] = [A,B]C +B[A,C]

[x, pn] = i~npn−1

[x, pn+1] = [x, pn]p+ pn[x, p] = i~npn + i~pn = i~(n+ 1)p(n+1)−1

2. [p, f(x)] = αf ′(x)

Taylor: f(x) =
∑
n

1
n!f

(n)(0)xn, f ′(x) =
∑
n

1
n!(nf

(n)(0)xn−1)

[p, f(x)] =
∑
n

1
n!f

(n)(0)[p, xn] =
∑
n

1
n!f

(n)(0)(−i~nxn−1) = −i~f ′(x)

Auch über Anwendung auf Ψ(x) und Ableitung.

3.2 Zusatzaufgabe
i

-i
R-R

Im

Re∞́

−∞

dx
1+x2 = arctan

∣∣∞
−∞ = π

Residuen-Satz:
∞́

−∞

dz
z2+1

Nennernullstellen: z = ±i

= 2πi
∑
α
Resαf(z) = 2πi ·Resz=if = 2πi g(z)h′(u)

∣∣
z=i

= 2πi 1
2i = π

Julian Bergmann
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3.3 Hausaufgabe 7

ln(x) = A 1
(x−x0)2+ω2

n
, ωn = ω0

n , n ∈ N

a)

x0 x

A
∞́

−∞

1
(x−x0)2+ω2

n
dx = A

ω2
n

∞́

−∞

1

(
(x−x0)2

ωn
)+1

Substution: (x−x0
ωn

)2 = y2 ⇒ dy = dx
ωn

A
ω2
n

∞́

−∞

1
1+y2ωndy = A

ωn
arctan(y)

∣∣∞
−∞ = πA

ωn

!
= 1

⇒ A = ωn
π

4 Tutorium vom 20.05.11 (Blatt 4)

4.1 Hausaufgabe 8

a)
1 3

2
V0

0 a

E < V0, k
2 = 2m

~2 E, κ = 2m
~2 (V0 − E)

ψI(x) = A1e
ikx +B1e

−ikx für 1

ψ2(x) = A2e
−κx +B2e

κx für 2

ψ3(x) = A3e
ikx für 3

(B3 = 0 da Teilchen von links ankommt, also kein Wellenteilchen von rechts.)

Anschlussbedingungen:

ψ1(0) = ψ2(0); ψ2(a) = ψ3(a)

ψ′1(0) = ψ′2(0); ψ′2(a) = ψ′3(a)

ψ′1(x) = A1ike
ikx −B1ike

−ikx

ψ′2(x) = −A2κe
−κx −B2κe

κx

ψ′3(x) = A3ike
ikx

(1) : A1 +B1 = A2 +B2

(2) : A2e
−κa +B2e

κa = A3e
ika

(3) : A1ik −B1ik = −A2κ+B2κ

(4) : −A2κe
−κa +B2κe

κa = A3ike
ika

(4)⇒ B2e
κa = A3keika+A2κe−κa

κ

Einsetzen in (2): A2e
−κa + A3keika+A2κe−κa

κ = A3e
ika

⇒ A2(e−κa + e−κa) = A3(eika − ik
κ e

ika

⇒ A2 = eika−ikeika/κ
2e−κa A3 = A2 = 1

2e
ikaeκa(1− 1

λ)A3 (λ = κ
k )

A2 einsetzen in (2):

Julian Bergmann
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B2 = 1
2e
ikae−κa(1 + 1

λ)A3

B1 = − i
2e
ika(λ+ 1

λ) sinh(κa)A3

(1)⇒ A1 = A2 +B2 −B1

Für A2, B2 und B1 einsetzen

⇒ A1 = eika(cosh(κa) + i
2(λ− 1

λ) sinh(κa))A3

b) T = |A3
A1
|2, R = |B1

A1
|2

T = 1
1+ 1

4
(λ+ 1

λ
)2 sinh2(κa)

R =
1
4

(λ+ 1
λ

)2 sinh2(κa)

1+ 1
4

(λ+ 1
λ

)2 sinh2(κa)

T +R = 1

c) klassische Mechanik: für E < V0 : T = 0, R = 1

Sehr breite Barriere: κa >> 1 : lim
x→∞

sinh(x) =∞

⇒ T → 0 für κa→∞

d) klassische Mechanik für E ≥ V0 : T = 1, R = 0

Für E > V0 wird κ imaginär

Setze daher κ = −iK, λ = κ
K = −iKk = −iΛ

Gl lauten dann: T = 1
1+ 1

4
(Λ− 1

Λ
)2 sin2(Ka)

R =
1
4

(Γ− 1
Γ

)2 sin2(Ka)

1+ 1
4

(Λ− 1
Λ

)2 sin2(Ka)

e)

T

E

1

Transmission wir 1, wenn sin(Ka) = 0, d.h. Ka = nπ

4.2 Hausaufgabe 9

a) V (x) =



∞ , x < −a

0 ,−a ≤ x < 0

V0δ(x) , x = 0

0 , 0 < x ≤ a

∞ , x > a

Potential symm. um 0: Lösungen haben definierte Parität

b)
Region 1: − a < x < 0

Region 2: 0 < x < a

 jeweils V (x) = 0

− ~2

2m
d2Ψ
dx2 = EΨ

d2Ψ
dx2 = −k2Ψmitk2 = 2mE

~2

c) Ansätze:
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ψ1(x) = A1 sin(kx) +B1 cos(ka)ψ2(x) = A2 sin(kx) +B2 cos(ka)

Paritätsbed.:

gerade: ψ(−x) = ψ(x)⇒ ψ1(−x) = ψ2(x)

∀−A1 sin(kx) +B1 cos(kx) = A2 sin(kx) +B2 cos(kx)⇒ B1 = B2, A1 = −A2

ungerade: ⇒ A1 = A2, B1 = −B2

Stetigkeit bei x = 0 : ψ1(0−) = ψ2(0+)

A1 sin(0) +B1 cos(0) = A2 sin(0) +B2 cos(0) ⇒ B1 = B2

Für ungerade Parität gilt auch B1 = −B2 ⇒ B1 = B2 = 0

Unstetigkeitssprung: der ersten Ableitung:

Es gilt −~
2

2m (ψ′2(0+)− ψ′1(0−)) + V0Ψ(0) = 0

ψ′1(x) = A1k cos(kx)−B1k sin(kx)

ψ′2(x) = A2k cos(kx)−B2k sin(kx)

ε→ 0+ :

−~2

2m (A2k cos(kε)−B2k sin(kε))− (A1k cos(kε)−B1k sin(kε))) + V0B1 = 0

⇒ −~2

2m (A2k −A1k) + V0B1 = 0 (für gerade Parität)

gerade Par.: A1 = −A2 ⇒ − ~2

2m2a2k + V0B1 = 0⇒ A2 = mV0
~2k

B1

ψ1(−a) = ψ2(a) = 0

Fall
”
ungerade“: Mit A1 = A2 = A haben wir den Ansatz

ψ1(x) = A sin(kx) = ψ2(x)

ψ2(a) = A sin(ka), A 6= 0⇒ k = nπ
a√

2mE
~2 ⇒ En = π2~2

2ma2n
2

∞́

−∞
|Ψ(x)|2dx = 1 ⇒

á

−a
A2 sin2(kx)dx = A2a = 1 ⇒ A = 1√

a

Also für ungerade Parität: Ψungerade(x) =
√

1
a sin(nπa x)

d) ψ1(−a) = ψ2(a) für Fall
”
gerade“:

−A1 sin(ka) +B1 cos(ka) = 0

A2 sin(ka) +B2 cos(ka) = 0

⇒ B1 cos(ka) = A1 sin(ka) ⇒ sin(ka)
cos(ka) = tan(ka) = B1

A1

A1 = A2 = −mV0
~2k

B1 ⇒ tan(ka) + ~2k
mV0

= 0

⇒ tan(ka) + cka = 0 mit c = ~2

mV0a

e) c << 1:
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⇒ −cx hat sehr geringe Steigung.

⇒ Schnitt von tan(x) und −cx ungefähr bei π

tan(x) ≈ (x− π) +O(x3)

⇒ x− π + cx = 0 ⇒ x = π
1+c ⇒ k ≈ π

a(1+c)

f) ⇒ E = ~2k2

2m ≈
~2π2

2ma2
1

(1+c)2

1
(1+c)2 ≈ 1− 2c (kleine c)

⇒ E ≈ ~2π2

2ma2 (1− 2c)

4.3 Zusatzaufgabe 2

a = 1, c = 0.05

k = π
1+0.05 ≈ 2.991993...

genau: 2.9930429

5 Tutorium vom 06.05.11 Klausur1-Besprechung

5.1 K2

2 Gebiete: x < 0, x > 0, jeweils V (x) = 0

− ~2

2m
d2ψ
dx2 = Eψ(x)⇒ d2ψ

dx2 = −2mE
~2 ψ

κ :=
√
−2mE

~2 , E < 0

Lös.Ansatz (brücksichtigt Normierbarkeit):

ψ(x) =


Beκx , < 0

Ae−κx x > 0

Bei x=0:

i) Wellenfu’ stetig ⇒ B = A

ii) Integration der Schrödingergl. um x=0:

− ~2

2m

έ

−ε

d2ψ
dx2 dx +

έ

−ε
V0δ(x)ψ(x)dx =

έ

−ε
Eψ(x)dx ⇒ −~2

2m (ψ′(ε) − ψ′(−ε)) =

−V0Ψ(0) + E(Ψ(ε)−Ψ(−ε))Ψ : Stammfu’ von ψ

ε→ 0 : Ableitung von ψ(x) bei x=0 springt um 2mV0
~2 ψ(0)}

Es ist ψ′(x) =


κBeκx , x < 0

−κA−κx x > 0

Somit folgt ψ′(0+)− ψ(0−) = −κAe0 − κBe0

⇒ −κA− κB = 2mV0
~2 A
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⇒ κ = −mV0
~2 =

√
−2mE

~2 ⇒ E = −mV 2
0

2~

Normierung:
∞́

−∞
|ψ(x)|2dx =

0́

−∞
A2e2κx +

∞́

0

A2e−2κxdx

= A2 [
eκx

2κ
]0−∞︸ ︷︷ ︸

1/2κ

+A2 [−e
−2xκ

2κ
]∞0︸ ︷︷ ︸

1/2κ

!
= 1

A =
√
κx

0 x

ψ(x) =


√
κeκx , x < 0

√
xe−κx , x > 0

5.2 K3

-R/2 R/20

-b b

A

x

ψ(x, 0) = Aθ(b2 − x2)

a) Normierung:
R
2́

−R
2

dx|ψ(x, 0)|2 !
= 1

⇒ |A|2 · 2b = 1 ⇒ A = 1√
2b

b) Spektrum des Potentialtopfes:

φ(±R
2 ) = 0 ⇒ φ(x) = A cos(kx) +B sin(kx)

R.B.: 0 = φ(−R
2 ) = A cos(kR2 )−B sin(kR2 )

0 = φ(R2 ) = A cos(kR2 ) +B sin(kR2 )

Das Potential ist achensymmetrisch um x=0

c) det

cos(z) − sin(z)

cos(z) sin(z)

 = 0 mit z = kR
2 .

Also D(z) = 2 sin(z) cos(z).D(zn)
!

= 0

⇒ sin(zn) = 0 bzw. zn = nπ ⇒ kn = 2nπ
R , (n ∈ N ≥ 1)

oder cos(zn) = 0⇒ zn = (2n+ 1)π2 , kn = (2n+ 1) πR

⇒ En = n2 ~2

2m( πR)2 = n2E1 und kn = n πR = nk1

Normierung: ⇒ An =
√

2
R

d) Also gute Parität:

gerade φn(x) = An cos(knx), φn(−x) = +φn(x)

ungerade: φn(x) = An sin(knx), φn(−x) = −φn(x)

e) {ϕn}n=1,...,∞, VONS (vollständiges Orthonormales System)∑
n
|ϕn >< ϕn| = 1
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∑
n
ϕn(x)ϕ∗(x′) = δ(x− x′)

ψ(x, 0) =
∑
n
ϕn(x)

R/2´
−R/2

dx′ϕ∗n(x′)ψ(x′, 0)

Also gilt: cn =
R/2´
−R/2

dxϕ∗n(x)ψ(x, 0)

cn = 1√
2b

√
2
R

b́

−b
dx


cos(knx) P = 1

sin(knx) P = −1

= 1√
bR

1
kn


sin(knx)

cos(knx)

∣∣b
−b = 1√

bR
1
kn


2 sin(knb)

0

f)

cn
c2n = 0

c2n+1 = 1√
bR

2R
π

1
2n+1 sin((2n+ 1)π b

R) −→
n → ∞

0

Wir finden also ψ(x, 0) =
∞∑
n=0

c2n+1ϕ2n+1(x) = 2
π

√
R
b

∑
n≥0

1
2n+1 sin((2n+1)pi bR)ϕ2n+1(x)

g) Für beliebige Zeiten t gilt:

ϕn(x) 7→ φn(x, t) = e−iωntϕn(x)

und somit ψ(x, t) =
∑
n≥1

c2n+1φ2n+1(x)

ψ(x, t) = 2
π

√
R
b

∞∑
n=0

1
2n+1 sin((2n+ 1)π b

R)e−iω2n+1tϕ2n+1(x)

5.3 Zusatz

V (x) =
∞́

0

p sin(px)
p2+m2 dp = 1

2

∞́

−∞

p sin(px)
p2+m2 dp

eiφ = cos(φ)i sin(φ)⇒ sin(px) = =(eipx)

V (x) = 1
2=(

p2+m2´
eipxp

dp).

Pole bei p = ±im ⇒ V (x) = 1
2=(2πi ·Resf (im)) = 1

2=(2πi · ime−mx2im ) = 1
2πe

−mx

6 Tutorium vom 03.06.11: Blatt 6

6.1 Hausaufgabe 12

a) H = p2

2m + mω2

2 x2 − γ
√

2m~ω3x

= ” + mω2

2 (x2 − 2γ
√

2m~ω3x
mω2

= ” + mω2

2 (x2 − 2γ
√

2~
mωx)

= ” + mω2

2 (x2 − 2γ
√

2~
mωx+ γ2 2~

mω − γ
2 2~
mω )

= ” + mω2

2 ((x− γ
√

2~
mω )2 − γ2 2~

mω )
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= p2

2m + mω2

2 (x− γ
√

2~
mω︸ ︷︷ ︸

=:x0

)2 − γ2~ω

x0 = γ
√

2~
mω = γ

√
2
α mit α =

√
mω
~

En(γ) = ~ω(n+ 1
2 − γ

2)

< x|ψn(γ) >=
√

α
2nn!
√
π

exp(−α(x−x0)2

2 )Hn(α(x− x0))

Hn: Hermite Polynome

b)
V(x)

x

E1
E0

E3
E2E3(γ)

E2(γ)
E1(γ)
E0(γ)

U(x,γ)

c) H1 = −γ
√

2m~ω3x

= −γ
√

2m~ω3
√

~
2mω (b† + b) = −γ~ω(b† + b)

< n′|H1|n >=< n′|−γ~ω(b†+b)|n >= −γ~ω < n′|(b†|n > +(−γ~ω) < n′|b|n >

= −γ~ω < n′|
√
n+ 1|n+ 1 > −γ~ω < n′|

√
n|n− 1 >

= −γ~ω(
√
n+ 1 < n′|n+ 1 > +

√
n < n′|n− 1 >)

= −γ~ω(
√
n+ 1δn′,n+1 +

√
nδn′,n−1)

7 Tutorium vom 10.06.11 (Blatt 7)

7.1 Hausaufgabe 13

a) [σi, σj ] = 2iεijkσk

Alle aufführen:

[σ1, σ2] = σ1σ2 − σ2σ1 =

 0 1

1 0


 0 −i

i 0

−
 0 −i

i 0


 0 1

1 0


=

 i 0

0 −1

−
 −i 0

0 i

 =

 2i 0

0 −2i

 = 2i

 1 0

0 −1

 = 2iσ3

[σ2, σ3] = 2iσ1ε231 = 2iσ1

[σ1, σ3] = 2iσ2ε132 = −2iσ2

etc.

{σi, σj} = σiσj + σjσi = 2δij1 = 2δij

 1 0

0 1
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{σ1, σ2} = σ1σ2 + σ2σ1 =

 0 0

0 0


{σ1, σ1} = 2σ1σ1 = 21

b) [σi, σj ] = 2iεijkσk = σiσj − σjσi

{σi, σj} = 2δij1 = σiσj + σjσi

”
+“⇒ 2σiσj = 2(deltaij1+ εijkσk)

σiσj = δij1+ iεijkσk

(~a~σ)(~b~σ) = ~a~b1+ iσ(~a×~b)

= aiσibjσj = aibjσiσj = aibj(δij1 + iεijkσk) = aibjδij + iεijkaibjσk = (~a~b)1 +

i~σ(~a×~b)

c) eiασk = cos(α) + iσk sin(α), α ∈ C, k = 1, 2, 3

σ1 =

 0 1

1 0

 , σ2
1 =

 1 0

0 1

 , σ3
1 = 1

eiασk =
∞∑
n=0

inαn

n! σ
n
k

=
∞∑
n=0

(−1)nα2nσ2n
k

(2n)! + i
∞∑
n=0

(−1)n(ασk)2n+1)
(2n+1)!

= 1

∞∑
n=0

(−1)nα2n

(2n)! + iσk
∞∑
n=0

(−1)nα2n+1

(2n+1)!

= 1 cos(α) + iσk sin(α)

d) M = m01+
∑

i=1,2,3
miσi =

 m0 0

0 m0

+

 0 m1

m1 0

+

 0 −im2

im2 0

+

 m3 0

0 −m3

 =

 m0 +m3 m1 − im2

m1 + im2 m0 −m3


m0 = tr(M)

2 , mi = 1
2 tr(σiM)

e) trivial

f) i) σ†i = (σ∗i )
T hermitisch

σ†2 =

 0 −i

i 0


T

= σ1

σ†3 = σ1

ii) tr(σi) = 0

iii) det(σi) = −1

iv) σTi = (−1)i+1σi
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7.2 Hausaufgabe 14

φ(x) = Axe
− x2

2γ2

a)
∞́

−∞
dx|φ(x)|2 = 1 ⇒ 1

|A|2 =
∞́

−∞
dxx2e

−x
2

γ2 = − ∂
∂x

∣∣
1
γ2

∞́

−∞
dxe−αx

2
= − ∂

∂α

∣∣
1
γ2

√
π
α =[

1
2

√
π

α3/2

]
α= 1

γ2

= γ3 · 1
2

√
π ⇒ A =

√
2

γ3
√
π

b) (H − E)φ(x) = 0 = (T + V (x)− E)φ(x)(
∂2

∂x2 + 2m
~2 (E − V (x))

)
φ(x) = 0

φ′ = A(1− x2

γ2 )e
− x2

2γ2

φ′′ = A
[
− 2x

γ2 − x
γ2 (1− x2

γ2 )
]
e
− x2

2γ2

= A
[
− 3

γ2x+ 1
γ4x

3
]
e
− x2

2γ2

= −
[

3
γ2 − x2

γ4

]
Axe

− x2

2γ2

φ′′ = −[ 3
γ2 − x2

γ4 ]φ(x)

d.h.
[
∂2

∂x2 + ( 3
γ2 − x2

γ4 )
]
φ(x) = 0

und damit 2m
~2 (E − V (x)) = 3

γ2 − x2

γ4

Mit V (0) = 0 : E = 3
2

~2

mγ2 , V (x) = ~2

2m
x2

γ4

Außerdem erkennt man: 1
γ2 = mω

~ ⇒ E = 3
2~ω = [~ω(n+ 1

2)]n=1

⇒ V (x) = 1
2~ω

x2

γ2

⇒ φ(x) ist der 1. angeregte Zustand in einem Oszillatorpotential
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8 Tutorium vom 17.06.11 (Blatt 8)
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9 Tutorium vom 24.06.11 (Blatt 9)

9.1 Hausaufgabe 17

ψ(x, 0) = Ax(a− x)

a) 1 = A2
á

0

dxx2(a− x)2 = A2
á

0

dxx2(a2 − 2ax+ x2)

= A2
á

0

dx(a2x2 − 2ax3 + x4) = A2(a
5

3 −
2
4a

5 + 1
5a

5)

= A2a5(1
3 −

1
2 + 1

5) = A2a5 10−15+6
30 = A2 a5

30

⇒ A =
√

30
a5 = 1

a2

√
30
a

ψ(x, 0) = (±)
√

30
a5x(a− x)

b) Entweder nach VON des Topfes:

φn(x) =
√

2
a sin(nπa x), n = 1, 2..., 0 ≤ x ≤ a

ψ(x, 0) =
∑
n
cnφn(x)

cn =
√

2
aA

á

0

dxx(a− x) sin(knx), kn = nπ
a

= A
√

2
a

á

0

dx(ax− x2) sin(knx)

1)
á

0

dxx sin(knx) = − 1
kn

á

0

dxx d
dx cos(knx)

= − 1
kn
a cos(kna) + 1

kn

á

0

dx cos(knx) = − 1
kn
a cos(kna) + 1

k2
n

sin(kna)︸ ︷︷ ︸
=0

= − 1
kn
a cos(nπ) = −(−1)n a

2

nπ

2)
á

0

dxx2 sin(knx) = − ∂2

∂k2
n

á

0

dx sin(knx)

s=kna=nπ
= ∂2

∂k2
n

1
kn

(cos(kna)− 1) = a3 d2

ds2
( cos(s)−1

s )

d2

dx2 (g(x)h(x)) = g′′h+ 2h′g′ + hg′′

⇒ d2

ds2
cos(s)−1

s = 2
s3

(cos(s)− 1) + 2
s2

sin(s)− 1
s

2
(nπ)3 ((−1)n − 1)− 1

nπ (−1)n =
á

0

dxx2 sin(knx) 1
a3

=


− 1
nπ , n = 2k, k ∈ N

− 4
(nπ)3 + 1

nπ , n = 2k + 1, k ∈ N

Damit: cn =
√

2
aAa

3
[
(−1)n+1( 1

nπ −
1
nπ ) + 4

(nπ)3
1
2(1− (−1)n)

]
=
√

2
aa

3A 4
n3π3

1
2(1− (−1)n)

c2k+1 =
√

60 4
π3

1
(2k+1)3 , c2k = 0

ψ(x, 0) =
√

15 8
π3

∞∑
k=0

1
(2k+1)3φ2k+1(x)
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c) Berechnung der Wahrscheinlichkeiten:

ω1 = |c1|2 = 15·64
π6 = 16·60

π6 = 960
π6 ≈ 0.9986

ω1 = 1− ω̄ = 1.44 · 10−3

Norm der Reihe:
á

0

dx|ψ(x, 0)|2 = 960
π6

∞∑
k=0

1
(2k+1)6 = (26−1)π6

6!·2
960
π6 B6 = 63π6

720·2
1
42

960
π6 = 63·60

45·2·42 = 1

d) Zeitentwicklung:

ψ(x, t) =
√

960
π3

∞∑
k=0

1
(2k+1)3φ2k+1e

−iω2k+1t

ωn = 1
~En = ~

2m
π2

a2 n
2

e) Wahrscheinlichkeitsdichte, -stromdichte:

ρ(x, t) =
∑
n,k

c∗2k+1ϕ
∗
2k+1(x)c2n+1ϕ2n+1e

i(ω2k+1−ω2n+1)t

cj , ϕj(x) ∈ R

ρ(x, t) = ρs(x) + ρt(x, t)

ρs(x) =
∑
n
c2

2n+1ϕ
2
2n+1(x)

ρt(x, t) =
∑
k<n

c2k+1c2n+1ϕ2k+1(x)ϕ2n+1(x)(ei(ω2k+1−ω2n+1)t + e−i(ω2k+1−ω2n+1)t)

= 2
∑
k<n

c2k+1c2n+1ϕ2k+1(x)ϕ2n+1(x) cos((ω2k+1 − ω2n+1)t)

j(x, t) = ~
2im

∑
n,k

(ϕ∗2k+1(x) d
dxϕ2n+1(x)−ϕ2n+1

d
dxϕ

∗
2k+1(x))c2k+1c2n+1e

i(ω2k+1−ω2n+1)t

= ~
2im

∑
k<n

(ϕ2n+1(x) d
dxϕ2n+1(x)−ϕ2n+1(x) d

dxϕ2k+1(x))c2k+1c2n+1(ei(ω2k+1−ω2n+1)t−

e−i(ω2k+1−ω2n+1)t)

= ~
m

∑
k<n

(ϕ2n+1(x) d
dxϕ2n+1(x) − ϕ2n+1(x) d

dxϕ2k+1(x))c2k+1c2n+1 sin((ω2k+1 −

ω2n+1)t)

∂
∂tρ(x, t) + ∂

∂xj(x, t) = 0 Kontinuitätsgl. ist erfüllt:

∂
∂tρ(x, t) = ∂

∂tρt(x, t)

= −2
~
∑
k<n

(E2k+1 − E2n+1)c2k+1c2n+1ϕ2k+1(x)ϕ2n+1(x) sin((ω2k+1 − ω2n+1)t)

und mit ϕ′′j (x) = −q2
jϕj(x) ergibt sich:

∂
∂xj(x, t) = ~

m

∑
k<n

(q2
2k+1−q2

2n+1)ϕ2k+1(x)ϕ2n+1(x)c2k+1c2n+1 sin((ω2k+1−ω2n+1)t)

Also:

∂
∂xj(x, t) = 2

~
∑
k<n

(E2k+1−E2n+1)ϕ2k+1(x)ϕ2n+1(x)c2k+1c2n+1 sin((ω2k+1−ω2n+1)t)

f) Berechnung von < x > (t):

< x > (t) =
á

0

dxψ∗(x, t)xψ(x, t)

x = (x− a
2 ) + a

2

< x > (t) = 960
π6

∑
k,k′

1
(2k+1)3(2k′+1)3

[
a
2δkk′+

á

0

dx(x−a
2 )φ2k+1(x)φ2k′+1(x)ei(ω2k′+1−ω2k+1)t

]
Da nur Funktionen auftreten, die Symmetrisch um x = a

2 sind, verschwindet

Julian Bergmann
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das 2. Integral und < x > (t) ist stationär.

< x > (t) = 960
π6

a
2

∑
k

1
(2k+1)6 = a

2

Schwankung der Energie:

(∆E)2 =< (H− < H >)2) >=< (H2− < H >2) >

< H >=
á

0

dxψ∗(x, t)Hψ(x, t) = −i~
á

0

dxψ∗(x, t) ∂∂tψ(x, t)

= 960
π6

∑
k

1
(2k+1)6E2k+1 = 960

π6
~2

2m
π2

a2

∑
k

1
(2k+1)4 = E1

960
π6

(24−1)π

4!2̇
|B4|

= E1
960
π2

15
48·30 = 10

π2E1 ≈ 1.01E1

Zu < H2 >: H2φn = H(Hφn) = EnHφn = E2
nφn

< H2 >= 960
π6 E

2
1

∞∑
k=0

(2k+1)4

(2k+1)6 = 960
π6 E

2
1

∞∑
k=0

1
(2k+1)2

= 960
π6 E

2
1

(22−1)π2

2!·2 |B2|E2
1

960
π4

3
4·6 ≈ 1.23E2

1

∆E =
√
< H2 > − < H >2 = E1

√
120
π4 − 100

π4 = E1

√
20
π2

∆E = 2E1

√
5

π2 ≈ 0.453E1

10 Tutorium vom 01.07.11

10.1 Z5

a) G = 1
E+iη−H η → 0 +

H = ~p2

2m = − ~2

2m
~∇2 = − ~2

2m
d2

dr2

Hψ = eψ

− ~2/2m d2

dr2ψ = eψ

ψ′′ + 2me
~2 ψ = 0

k2 = 2me
~2 ⇒ e = ~2k2

2m = e(k)

ψ(~r) = ei
~k~r

< ~k|~k′ >=
´
δ3(~k − ~k′)d3k

< ~k|~k >= 1

< ~r|~k >= 1
(2π)3/2 e

i~k~r

=< ~r| 1
E+iη−H |~r

′ >=
´
d~k < ~r|~k > 1

E+iη−e <
~k|~r′ >=

´
1

(2π)3d
3kei

~k~r 1
E+iη−e(k)e

−i~k~r′ =
´

1
(2π)3d

3kei
~k(~r−~r′) 1

E+iη−e(k)

b)
´

1
(2π)3d

3kei
~k(~r−~r′) 1

E+iη−e(k)r − ~r
′ = ~s, ~k = k~ez

sphärische Koord: ... = 1
(2π)3

∞́

0

2π́

0

1́

−1

dkk2d cos(θ)dϕeiks cos(θ) 1
E+iη−e(k)

= 1
4π3

0́

−∞
dkk2 eiks−e−iks

iks
1

E+iη−e(k)

Julian Bergmann
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= 1
4π2

∞́

−∞
dk ke

iks

is
1

E+iη−e(k) = 1
4π2

∞́

−∞
dk ke

iks

is
1

E+ieta− ~2

2m
k2

= m
2π2~2

∞́

−∞
dk ke

iks

is
1

2m
~2 E+i·0−k2

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

E > 0, dann 2mE
~2 − k2 = 0

~k1,2 = ±
√

2mE + iη

(η → 0+) ~k1 =
√

2mE + iη

~k2 = −
√

2mE + iη

c) Im

Re

~k1 =
√

2mE + iη lies inside the contour

⇒ m
2~π2

∞́

−∞
dk k

2mE
~2 −k2

eiks

is

= m
2~2π2 · 2πiRes√2mE

~
( k

2mE
~2 −k2

− eiks

is )

= − m
2π~

eis
√

2mE
~
s

G(~r, ~r′) = − m
2π~2 exp(

i
√

2mE
~ (~r−~r′)
(~r−~r′) )

G(s) ∼ − eis

s ∼
cos(s)
s + i sin(s)

s

which exhibitsthe outgoing wave behavior from the sourcepoint: ~r′ → ~r

10.2 Minitest 6

a) {|a1 >, |a2 >}, < ai|aj >= δij

Pi = |ai >< ai|

P 2
i |ai > < ai|ai >︸ ︷︷ ︸

=1

< ai| = |ai >< ai| = Pi

b) p†i = (|ai >< ai|)† = Pi

c) def.: |ai >→ ~ei =

 < a1|e >

< a2|e >


Im R2: (2× 2)−Matrix

< ai| → (|ai >)† → | < ai|e >∗< a2|e >∗

a1 =

 1

0

 , a1 =

 0

1


P1 = |a1 >< a1| =

 1

0

( 1 0

)
=

 1 0

0 0


10.3 Hausaufgabe 18

a) xφs(x) = xδ(x− s) = sφ, also EW: x = s

Julian Bergmann
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b) Die stationäre Impulseigenfu’ sind bekannt: ebene Wellen

φk(x) = eikx. Und es gilt bekanntlich

φs(x) = δ(x− s) =
∞́

−∞

dk
2πe

ik(x−s) =
∞́

−∞

dk
2π ck(s)e

iks

Also EW-Koeff ck(s) = e−iks

Kerim’s Lösung:

a) xδ(x− s) = λδ(x− s)
∣∣ ∞́
−∞

dx

∞̂

−∞

xδ(x− s)dx

︸ ︷︷ ︸
s

=

∞̂

−∞

λδ(x− s)dx

︸ ︷︷ ︸
=λ

⇒ EW : λ = s

b) ôxφ(x) = pφ(x)

− i~ ∂
∂xφ(x)− pφ(x) = 0⇔ φ′(x) + p

i~φ(x) = 0

⇒ φ(x) = φp(x) = ei
p
~x, p ⊂ R

φs(x) = δ(x− s) =
∞́

−∞
φ̂s(k)eiksdk

FT: φ̂s(k) = 1
2π

∞́

−∞
φs(x)e−ikxdx

= 1
2π

∞́

−∞
δ(x− s)e−ikx = 1

2πe
−ikx

φs(x) =
∞́

−∞

1
2πe
−ikseikxdk

k= p
~

=
∞́

−∞

1
2π~e

−i p~ s ei
p
~x︸︷︷︸

φp(x)

dp

Der Entwicklungskoeffizient ist somit 1
2π~e

−i p~ s

11 Tutorium vom 08.07.2011 (2. Klausur)

11.1 K2

a) V (r) = −Ze2

r

Schrödinger: (T + V (r)− E0)ψ(~r) = 0

Elektron(en)sin vernachlässigt, Elektronen im 1s-Orbital:

ψ(~r) = γ
3
2√
π
e−γr

γ = Zme2

~2 = Z e2

~c
mc2

~c
(

= Zαf
mc2

~c

αf = e2

~c ≈
1

137,03

)
Sei nun Z → Z + 1 : Ṽ (r) = − (Z+1)e2

r = V (r)− e2

r

T + V (r)− e2

r − E
′
0]φ̃0(~r) = 0

Veff = V (r) + l(l+1)
r2

~2

2m

Julian Bergmann
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b) ∆E(1) =< φ0| − e2

r |φ0 >

c) ∆E(1) = −γ3

π e
2
∞́

0

drr2 1
re
−2γr

ˆ
dΩr︸ ︷︷ ︸
4π

= −e24γ3
∞́

0

drre−2γr = −e24γ3(−) ∂
∂γ |2γ

∞́

0

dre−βr = −e24γ3(−) ∂
∂β |2γ

1
β = e24γ3 1

4γ2 =

−γe2 = −Zme4

~2

⇒ ∆E(1) = −αf~cγ = −Zα2
fmc

2

⇒ also stärkere Attraktion

11.2 K3

2-Zustands-Wellenpaket im unendlich tiefen Potential

Es gilt: ψ(x, 0) = A
√
a(ϕ1(x) + zϕ2(x)), z ∈ R

mit
á

−a
dx|ϕi(x)|2 = 1,

ϕ1 = 1√
a

cos(π2
x
a ) = ϕ1(−x), ϕ2 = 1

a sin(π xa ) = −ϕ2(−x)

a) < ψ|ψ >= A2a(1 + z2)
!

= 1 ⇒ A = 1√
a

1√
1+z2

Also ψ(x, 0) = 1√
1+z2

(ϕ1(x) + zϕ2(x))

b) Parität: ψ(−x, 0) = 1√
1+z2

(ϕ1(−x)zϕ2(−x)) = 1√
1+z2

(ϕ1(x)− zϕ2(x))

⇒ keine gute Parität!

c) ψ(x, 0)
ϕn V ONS

=
∑
n
cnϕn =

∑
n
< ϕn|ψ > ϕn, ωn = |cn|2ω1 = 1

1+z2 , ω2 =

z2

1+z2 = 1− ω1, ⇒ ωn>1 = 0

cn =< ϕn|ψ >=
á

−a
ϕn(x)ψ(x)dx

d) ψ(x, t) = 1√
1+z2

(ϕ1(x)e−iω1t + zϕ2(x)e−iω2t)

ω1 = ~
2m( π2a)2, ω2 = ~

2m(πa )2

e) < x >=< ψ|x|ψ >=
á

−a
dxρ(x, t)x

(∆E)2 =< H2 > − < H >2=< ψ|H2|ψ > − < ψ|H|ψ >2

< ψ|H|ψ >= 1
1+z2 < ϕ1 + zϕ2|H|ϕ1 + zϕ2 >

= 1
1+z2 (< ϕ1|H|ϕ1 > +z2 < ϕ2|H|ϕ2 >) = 1

1+z2 (E1 + z2E2)

(∆E)2 =< H2 > − < H >2= 1
1+z2 (E2

1 + z2E2
2 − (E1 + z2E2)2 1

1+z2 )

= 1
(1+z2)2 (E2

1(1 + z2 − 1) + E2
2(z2(1 + z2)− z4)− 2z2E1E2)

E1 = π2~2

8ma2 , E2 = π2~2

2ma2

... = ( z2

1+z2 )2(E2
1 + E2

2 − 2E1E2) = ( z2

1+z2 )2(E1 − E2)2

= ( z2

1+z2 )2( ~2

2m(πa )2)2((1
2)2 − 1)2 = ( z2

1+z2 )2 9
16( ~2

2m(πa )2)2

Julian Bergmann
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p) Zu < p2 >:

p2

2m + V (x) = H

T + V = H

< p2 >= 2m < T >
V (x)=0

= 2m < H >

oder händisch: < ψ|(~i
∂
∂x)2|ψ >

Julian Bergmann
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