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Aufabe 1

a) ψ(x) =
∫
R

1√
2r
1[−r,r](k)eikxdk =

{√
2r sin(rx)

rx
, x 6= 0

√
2r , x = 0

b) Zu prüfen:
∫
R

|ψ(x)|2dxex.

d.h. lim
R→∞

R∫
−R
|ψ(x)|2dx <∞

( sin(rx)
rx

)2 ≤ 1[−R,R](x)
√

2r︸ ︷︷ ︸
(x 7→[−R,R])∈L1

+ 1R\[−R,R]
1

r2x2︸ ︷︷ ︸
(x 7→R\[−R,R])∈L1

⇒ (x 7→ ( sin(rx)
rx

)2) ∈ L1

c) ∆k = r ⇒ ∆k∆x = r π
r

= π

Aufabe 2
g

2

-2 2

f = 1[−1,1], f̂(x) =
√

2
π
sin(x)
x∫

R

sin2(x)
x2

dx = π
2

∫
R

(f̂(x))2dx
Satz 8.3b)

= 1√
2π

π
2

∫
R

(̂f ∗ f)(x)dx

(f ∗ f)(x) :=


2− x , x ∈ [0, 2]

2 + x , x ∈ [−2, 0]

0 , sonst∫
R

sin2(x)
x2

dx = π
2

1√
2π

∫
R

ĝ(x)dx = π
2
(ĝ)∨(0)

= π
2
g(0) = 2π

2
= π

Aufabe 3

Beh.:F̂ψ = FĤψ∀ψ ∈ S
F̂ψ = −1

2
ψ̂′′(x) + 1

2
x2ψ̂(x)

ψ̂(x) = 1√
2π

∫
R

ψ(k)e−ikxdk

ψ(R) −→
|R| → ∞

0

= − 1√
2π

∫
R

ψ′(x)(− 1
ix

)e−ikxdk

ψ′(x) −→
|x| → ∞

0

= 1√
2π

∫
R

psi′′(k)(− 1
ix

)2e−ikxdk

⇒ −x2ψ̂(x) = 1√
2π

∫
R

ψ′′(k)e−ikxdk = ̂(ψ′′(x))(x)

ĤFψ(x) = −1
2
ψ̂′′(x) +

1

2
x2ψ̂(x)︸ ︷︷ ︸
−(̂ψ′′)(x)

= −1
2
(ψ̂′′(x)− (̂ψ′′)(x))

FĤψ(x) = F(−1
2
ψ′′(x) + 1

2
x2ψ(x)) = −1

2
(̂ψ′′)(x) + 1

2
̂(x2ψ(x))

̂(x2ψ(x)) = 1√
2π

∫
R

k2ψ(k)e−ikxdx

= − 1√
2π

∫
R

(2kψ(x) + k2ψ′(k)) e
−ikx

(−ix)dx
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~ψ̂′(x) = 1√
2π

∫
R

ψ(k)(−ix)e−ikxdk

ψ̂′′(x) = 1√
2π

∫
R

ψ(k)(−ix)2e−ikxdk

= −x2 1√
2π

∫
R

ψ(k)e−ikxdx = −x2ψ̂(x)

Rest nachgeliefert!

Aufabe 4

c) ∀n ∈ N : Hn+1(x) = 2xHn(x)− 2nHn−1(x) ⇒ (a), (b)

⇒ H ′′n(x) = 2Hn(x) + 2xH ′n(x)−H ′n+1(x)

= 2Hn(x) + 2x(2xHn(x)−Hn+1(x))− 2xHn+1(x) +Hn+2(x)

= (2 + 4x2)Hn(x)− 4xHn+1(x) +Hn+2(x)

h′n(x) = (−x)e−
x2

2 Hn(x) + e−
x2

2 = (−x)hn(x) + e−
x2

2 H ′n(x)

h′′n(x) = −hn(x) + (−x)h′n(x) + (−x)e−
x2

2 H ′n(x) + e−
x2

2 H ′′n(x)

= −hn(x) + (−x)2hn(x) + 2(−x)e−
x2

2 H ′n(x) + e−
x2

2 H ′′n(x)

= −hn(x)+x2hn(x)−2xe−
x2

2 (2xHn(x)−Hn+1(x))+e−
x2

2 ((2+4x2)Hn(x)−
4xHn+1(x) +Hn+2(x))

= −hn(x) + x2hn(x) − 4x2hn(x) + 2xhn+1(x) + 2hn(x) + 4x2hn(x) −
2xhn+1(x) + hn+2(x)

= (1 + x2)hn(x)− 2xhn+1(x) + hn+2(x)

d) Ĥhn(x) = −1
2
h′′n(x) + 1

2
x2hn(x) = −1

2
((1 + x2)hn(x)9 − 2xhn+1(x) +

hn+2(x)) + 1
2
x2hn(x)

− 1
2
(hn(x)− 2xhn+1(x) + hn+2(x)︸ ︷︷ ︸

2xhn+1(x)−2(n+1)hn(x)

)

= −1
2
(hn(x)− 2(n+ 1)hn(x)) = 2n+1

2
hn(x)

e) < Ĥhn, hm >L2=< hn, Ĥhm >L2

< Ĥhn, hm >L2=
∫
R

(Ĥhn)hmdx =
∫
R

(−1
2
h′′n(x) + 1

2
hn(x))hmdx

(|x| → ∞, hm → 0, h′n → 0)

=
∫
R

(−1
2
hn(x)h′′m(x) + 1

2
hn(x)hm(x))dx

=
∫
R

hn(x)(Ĥhm(x))dx =< hn, Ĥhm >L2

2n+1
2

< hn, hm >L2=< Ĥhn, hm >L2=< hn, Ĥhm >L2)2m+1
2

< hn, hm >2L

m 6= m ⇒< hn, hm >L2= 0

Aufgabe 5

a) kε(ω) = 1
π

ε
ε2+(ω−ω0)2

b) f ∈ C∞c (R), |kε(ω)| ≤ ε
ε2

= 1
ε

|fkε| ≤ 1
ε
f ∈ L1

f · kεmbar ⇒ fkε ∈ L1
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⇒ Iε =
∫
R

fkεdω =
∫
R

fdαε(ω)

αε(x) = 1
π

arctan(ω−ω2

ε
) −→
ε→ 0


0 , ω = ω0

1
2

, ω > ω0

−1
2

, ω < ω0

c) Sei ρ > 0. ∃δ1 > 0 mit |f(ω)− f(ω0)| < ρ
2
∀ω ∈ [ω0 − δ1, ω0 + δ1]

∃ε0 > 0 mit ∀ε < ε0 : | 1
π

arctan(ω
ε
)− 1

2
| < ε

2
∀ω ∈ R, |ω| ≥ δ1

Dann ist (ti)I eine Zerlegung von R. o.E. ti 6= ω0∀i ∈ I mit Feinheit

kleiner als δ1
2

Sei j ∈ I mit tj−1 < ω0 < tj

|
∑
i∈I
f(ξ)(α(ti)α(tj))− f(ω0)| −→

Feinheit→ 0
Iε


−→
ε→ 0

f(ω0)

−→I = f(ω0)

≤
∑
i∈I
|f(ξi)(α(ti)− α(tj))− f(ω0)|+ 2ρ

2

(| ti−ω0

ε
| ≤ δ1)

≤
∑
|f(ξi)− f(ω0)|(α(ti)− α(ti−1) ≤ sup

i∈I
|f(ξi)− f(ω0)|

∑
(...) + ρ

≤ ρ
2
2δ1 + ρ = (δ1 + 1)ρ −→

ρ→ 0
0 (unabgh. Zerlegung)

⇒ |Iε − f(ω0)| ≤ (δ1 + 1)ρ ∀ε < ε0
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